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FANCIFUL HYPOTHESES ON THE ORIGIN 
OF THE NUMERAL FORMS 
By PROFESSOR FLORIAN CAJORI 
University of California 

A problem as fascinating as the puzzle of the origin of lan- 
guage relates to the evolution of the forms of our numerals. 
Proceeding on the tacit assumption that each of our numerals 
contains within itself, as a skeleton so to speak, as many dots, 
strokes, or angles as it represents units, imaginative writers of 
different countries and ages have advanced hypotheses as to their 
origin. Nor did these writers feel that they were indulging 
simply in pleasing pastime or merely contributing to mathemati- 
eal recreations. With perhaps one exception, they were as con- 
vinced of the correctness of their explanations, as are circle 
squarers of the soundness of their quadratures, 

The oldest theory relating to the forms of the numerals is 
due to the Arabic astrologer Aben Ragel' of the tenth or 
eleventh century. He held that a cirele and two of its di- 
ameters contained the required forms, as it were in a nut shell, 
from which the Brahmins derived the numerals. A diameter 
represents ‘‘one.” A diameter and the two terminal ares on 
opposite sides furnished the ‘‘two.’’ A glance at Part I of 
our figure will reveal how each of the ten forms may be evolved 
from the fundamental figure. 

On the European Continent an hypothesis of the origin from 
dots is the earliest. In the seventeenth century, an Italian 
Jesuit writer, Mario Bettini*, advanced such an explanation. 
It was eagerly accepted, in 1651, by G. P. Haarsdorffer* in Ger- 

1 J. F. Weidler, De characteribus numerorum vulgaribus dissertatio mathe- 
matica-critica, Wittembergae, 1727, p. 13. Quoted from M. Cantor, Kultur- 
leben der Volker, Halle, 1863, pp. 60, 373. 

2 Mario Bettini, Apiaria universae philosophiae mathematicae, 1642, Vol. 
II, Apiarum XI, p. 5. See D. E. Smith and L. C. Karpinski, Hindu-Arabic 
Numerals, 1911; p. 36. 

%’ Georg Philipp Haarsdorffer, Delitae mathematicae et physicae. Nurn- 


berg, 1651. Reference from M. Sterner, Geschichte der Rechenkunst 
Miinchen und Leipzig, 1891; pp. 138, 524. 
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those of the seeond line of Part III. The two horizontal dashes 
for ‘‘two’’ became connected by a slanting line, yielding the 
modern form. In the same way the three horizontal dashes for 
‘*three’’ were joined by two slanting lines. The ‘‘four,’’ as 
first drawn, resembled the ‘‘zero’’; but confusion was avoided 
by moving the upper horizontal stroke into a vertical position, 
and placing it below on the right. To avoid confounding the 
‘*five’’ and ‘‘six,’’ the lower left hand stroke of the first ‘‘five” 
was changed from a vertical to an horizontal position and 
placed at the top of the numeral. That all these changes were 
accepted as historical, without a particle of manuscript evi- 
dence to support the different steps in the supposed evolution, 
is an indication that Baconian inductive methods of research 
had not gripped the mind of Dumesnil. The origin from dots 
appealed to him the more strongly, because points played a 
role in Pythagorean philosophy and he assumed that our numeral 
system originated with the Pythagoreans. 

Carlos le-Maur' of Madrid, in 1778, suggested that lines join- 
ing the centers of circles (or pebbles), placed as shown in the 
first line of Part IV, constituted the fundamental numeral 
forms. The explanation is especially weak in accounting for 
the forms of the first three numerals. 

A French writer, P. Voizot*, entertained the theory that 
originally a numeral contained as many angles as it represents 
units, as seen in Part V. He did not claim credit for this 
explanation, but ascribed it to a writer in the Genova Catho- 
lico Militarite. But Voizot did originate a theory of his own 
based on the number of strokes, as shown in Part VI. 

Edouard Lueas* entertains readers with a legend that Solo- 
mon’s ring contained a square and its diagonals, as seen in 
Part VII, from which the numerical figures were obtained. 

The historian, Moritz Cantor*, told of an attempt by Anton 
Muller® to explain the shapes of the digits by the number of 


' Carlos le-Maur, Elementos de matematica pura. Vol. I, Madrid, 1778, 


chapter 1. 
2P. Poizot, “Les chiffres arabes et leur origine,” La Nature, Vol. 27. 
<. Semestre, 1899; p, 222. 


'E. Lucas, L’Arithmetique amusante, Paris, 1895, p. 4. See also M. 
Cantor, Kulturleben der Volker, Halle, 1863; pp. 60, 397 (Note 116); 
P. Treutlein, Geschichte unserer Zahlzeichen, Karlsruhe, 1875; p. 16. 

*M. Cantor, op. cit.; pp. 59, 60. 

"Anton Muller, Arithmetik und Algebra. Heidelberg, 1833. See also 
a reference to this in P. Treutlein, op. cit., 1875; p. 15. 
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strokes necessary to construct the forms, as shown in Part VIII. 
Cantor tells also of another writer, Piceard', who had at one 
time entertained the idea that the shapes were originally de 
termined by the number of strokes, straight or curved, necessary 
to express the units to be denoted. The detailed explanation 
of this idea, as shown in Part IX, is somewhat different from 
that of Muller and others. But after critical examination of 
his hypothesis, Piccard candidly arrives at the conclusion that 
the resemblances he pointed out are only accidental, especially 
in the case of 5, 7 and 9, and that his hypothesis is not valid. 

This same Piceard offered a special explanation of the forms 
of the numerals as found in the geometry of Boethius and known 
as the ‘‘apices of Boethius.’’ He tried to connect these forms 
with letters in the Phoenician and Greek alphabets (see Part X) 
Another writer whose explanation is not known to us is J. B. 
Reveillaud.? 

The historian W. W. R. Ball® in 1888 repeated with apparent 
approval the suggestion that the nine numerals were originally 


‘ 


formed by drawing as many strokes as there are units repre- 
sented by the respective numerals, with dotted lines added to 
indicate how the writing became cursive, as shown in Part XI. 
Later Ball abandoned this explanation. A slightly different 
attempt to build up numerals on the consideration of the num- 
ber of strokes is cited by W. Lietzmann.* Finally, C. P. Sher- 
man°® explains the origin by numbers of straight lines, as seen 
in Part XII. ‘‘As time went on,’’ he says, ‘‘writers tended 
more and more to substitute the easy curve for the difficult 
straight line, and not to lift the pen from the paper between 
detached lines, but to join the two—which we will call cursive 
writing.’”’ 

1 Piccard, Memoire sur la forme et de la provenance des chiffres. So- 
ciete Vaudoise des sciences naturelles, seances du 20 Avril et du 4 Mai, 


1859; pp. 176, 184. M. Cantor reproduces the formes due to Piccard; see 
Cantor Kulturleben, etc., Fig. 44. 

2 J. B. Reveillaud, Essai sur les chiffres arabes. Paris, 1883. Reference 
from D. E. Smith and L. C. Karspinski, op. cit.; p. 38. 

3W. W. R. Ball. A Short Account of the History of Mathematics, Lon- 
don, 1888; p. 147. 

*Lietzmann, Lustiges und Merkwurdiges von Zahlen and Formen. Bres- 
lau, 1922; pp. 73, 74. He found the derivation in Raether, Theorie und 
Praxis des Rechenunterrichts, 1 Teil, 6. Aufl. Breslau, 1920, 1, who refers to 
H. von Jacobs, Das Volk der Siebener—Zahler, Berlin, 1896. 

5 C. P. Sherman, Mathematics Teacher, Vol. 16, 1923; pp. 398-401. 
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These hypotheses of the origin of the forms of our numerals 
have been barren of results. The value of a good scientific 
hypothesis lies in coordinating known facets and in suggesting 
new inquiries likely to advance our knowledge of the subject 
under investigation. The hypotheses here described have done 
neither. They do not explain the very great variety of forms 
which our numerals took at different times and in different 
countries. They simply endeavor to explain the numerals as 
they are printed in our modern European books. Nor have 
they suggested any fruitful new inquiry. They serve merely 
as entertaining illustrations of the operation of a _ pseudo- 


scientific imagination, uncontrolled by all the known facts. 











THE JUNIOR HIGH SCHOOL MATHEMATICS 
IN NEWTON, MASS. 
By SARAH E. TRACY 
Junior High School, Newton, Mass. 

The establishment of the Frank Ashley Day Junior High 
School in Newton was a stimulus to every one in every depart- 
ment of our schools. It was the signal for careful house clean- 
ing—throwing out the old and useless and looking to the more 
complete unifying of the work in grades, junior high and senior 
high. 

To us in the mathematies department, it meant an entire new 
program drawn up by grade teachers, prospective junior high 
school teachers, senior high school teachers, and supervisors. We 
met to formulate a course of study for the new junior high 
school, but the results of our meetings were far broader than 
that. They produced important changes in the work in mathe- 
maties in the lower grades and of the senior high school, but 
best of all, they produced a pleasant feeling of cooperation and 
good fellowship between the different groups working together 
an absolute essential for the successful working out of a course 
of study which begins with the first grade and ends with the 
last year in high sehool. 

My point of view was that of a high school teacher of many 
years and I had innumerable lessons to learn of the work of 
the grades and many readjustments to make in my own point of 
view. 

Our problem was to determine what was wrong with the old 
scheme of things in mathematies and, much more difficult, to 
find the remedies. 

Statisties with striking graphs had shown us how large a per- 
centage of our pupils went no farther than the eighth grade. 
Leaving at that time they took with them no idea of the breadth 
and importance of mathematics, but knew only the arithmetic 
side and that only in part, of course, since they had been de- 
prived of the application of it in other phases of mathematics. 
It was our first duty then to give an idea of general mathematics, 
and that without interfering with his preparation for the mathe- 
matics to follow if he were to go on with his high school course. 
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In the seyenth and eighth grades our pupils had been kept at 
the old forms of arithmetic drill with continuous work in per- 
centage, much of the application of which was too difficult for 
them, until, in the words of the athletic coach, they ‘‘ went 
stale.”’ It was evident that they were getting no real mathe- 
matical sense and what they were getting was not carrying over 
from one year to the next. It was mathematies they needed and 
not separate doses of arithmetic, algebra, and geometry with 
little relation between them. When we did finally reach the 
algebra stage, we gave them an overdose, much that the teachers 
loved, but neither interesting nor useful to pupils. We taught 
them to do their work by rules without understanding so that 
the same thing in a new situation meant nothing to them. Times 
had changed and we had not kept up with the times. A big 
task was before us then. First of all we changed the work of 
the seventh grade from the ‘‘old stuff,’’ as the boys ealled it, 
to camouflaged old stuff, that is, we now begin the year with the 
introduction of geometric forms and principles’ worked into the 
problem of making to seale a drawing of a park. This diagram 
necessitates work with their hands, erecting a perpendicular, 
bisecting a line, bisecting an angle, constructing triangles and 
hexagons. This new work arouses intense interest and a real 
astonishment at the marvelous things we can do with mathe- 
maties. The hexagons lead to many original designs in which 
they learn care and accuracy and take a long step in training 
the eve and judgment. 

Along with this is constant work in computation of perimeters 
and areas of rectangles, squares, triangles, and cireles which in- 
volves multiplication with estimate and check, and the addition 
of common and decimal fractions. In both multiplication and 
division we are doing away with the old mechanical method of 
fixing the position of the decimal point and substituting the 
common sense way of using the estimate. 

The rulers which they use are in inches and tenths so that 
they, by actual experience, learn the advantage of the decimal 
fraction in masurement and computation. Their acquaintance 
with lengths and areas means another step in training the eye 
and the mind to visualize and make accurate judgments. For 
everything a drawing is made and they are encouraged to make 


rough, free-hand sketches first. 
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This work in drawing to scale has a natural relationship to our 
next subject, graphs, and also early introduces the idea of ratio 
in a practical way. The fame of Newton in health work has 
gone out to the world, I may almost say, and right there we 
derive material for a starter in bar graphs and line graphs. We 
use the bar graphs to show per cent of class of normal or over 
weight, the per cent 10% below normal, and the per cent more 
than 10% below normal. There we make our connection with 
percentage, finding what part the group is of the whole, the 
case with which we always begin percentage, contrary to our 
former custom. The line graph is used for the pupils’ individual 
weight chart, while the circular graph gives us an easy intro- 
duction to the study of angles which we follow up with the use 
of the protractor and the study of the angles of a triangle and 
supplementary angles. This study of angles gives us the finest 
opportunity for the further use of the equation as an easier 
way to solve problems. For instance, we do such problems as, 
‘*Two angles are supplementary and their ratio is 2. Find the 
angles,’’ or ‘‘One angle of a triangle is three times the first. Find 
each angle,’’ which gives us the equation z + 22 + 37 — 180. If 
we are careful to say 2x’s and 3z’s, the addition presents no 
difficulties. 

Finally we follow up our introduction of percentage in our 
weight charts and our introduction of equations with further 
work in percentage always with equations. 

We try to make our greatest variation in the seventh grade be- 
cause, in passing on to a new school, high school even though it 
is junior, the pupils are looking forward to new material and 
new methods. 

In the eighth grade we begin with much that may be termed 
laboratory work—pacing and measuring distances on the school 
grounds, locating points by triangles, finding buried treasure, 
measuring inaccessible distances by means of the 3, 4, 5 right 
triangle, by the equilateral triangle, and by the parallelogram. 
Incidental to all this is the class and home work in drawing to 
seale the figures resulting from their measurements, making use 
in more complex form of the geometric principles learned in 
grade VII. Then comes the computing of results which mean 
more work with equations, for instance, in the formula 
a* + b? = h? which meats the study of square root, by the com- 
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mon sense method of estimate and average. In this connection 
they make the acquaintance of approximate values and learn the 
difference between measured and counted numbers, and much 
concerning triangles and parallelograms, 

You will notice that neither year begins with abstract review 
of arithmetic and arithmetie drill, but we have it, an abundance 
of it, in a different way from the old. The drill is made more 
interesting and concrete by its application to new work. Be- 
sides all that already referred to in connection with our drawings, 
we get all the simple business principles such as keeping cash 
accounts and checking accounts, credit, commission, profit and 
loss, profit bused on the selling price, using wherever it is to 
their advantage, the equation as an aid to solution and bringing 
in wherever we can some new method or short cut to make them 
feel that even addition, subtraction, multiplication, and division 
are not the old prosaic things they thought they were, but won- 
derful tricks of numbers. Of the short cuts, however, we are 
eareful to choose only the really useful ones, those which show 
how our decimal system operates. 

At the end of the eighth grade the pupils have a real founda- 
tion of algebraic and geometric facts and are ready to carry on 
with a more systematie study of these two subjects with the 
emphasis on algebra as the best way to set down facts. It is to 
be always mathematics with a purpose—that purpose being the 
solution of real and imaginary problems of all kinds. No me- 
chanies of algebra are taught without first seeing the necessity 
for it by running into a difficulty in a problem. 

Our first few weeks are spent on problems which can best be 
solved by setting down the facts in a formula. In addition to 
those already given in the seventh and eighth grades, we use 
such formulas as 7 = 144h(a + b) for the trapezoid which brings 
in naturally the fraction and the parenthesis already seen in 


p=—=2(a+b) for the perimeter of a parallelogram; Wd= wD 

d's . ee 

for the lever; h=--~— for finding the horsepower of a gas 
2.0 


engine. This, by the way, they love to use to find the horse power 
of their automobiles even though they know it already, or per- 
haps beeause they know it already—and it has many advantages 


for teaching because it can be used both in common and decimal 
fractions. 
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They also love to find their own horse power using the formula 
wd i , 
zo Competition is hot for the privilege of running 
DOs 

up the stairs from basement to top to see in how many seconds 

he or she, for the girls do it too, can lift his own weight the 

vertical height of 26.5 ft. 

Then we proceed by slow degrees to problems which lead in 
turn to such simple equations as 5r—20, 7r + 5— 47, 
8r—_2=—14, 1l6xz—10—4r7—S8 = 4r et wa @ ok. f. 

The first offers no difficulties. It is evident that we have 5 too 
much in the left member so that we subtract 5 from each side. 

The minus signs are the danger signals. They mean either the 
process of subtraction or a shortage. 

In 82 — 2 = 14, we have a shortage of 2 and therefore add 2 
to each side to make up the shortage. In uniting similar terms 
no discussion of what they are is necessary for the pupils have 
been used to the name all along the route. 





With 52 — (37 + 2) and 52 — (324 —2) we need to consider 
whether we are told to subtract more or less than 37. In the 
first, of course, it is more and therefore we must subtract 2 
also, while in the latter it is less so that we must put 2 back 
which gives us 54 —3r-+ 2. In the ease of 52 —2(r—3) we 
are asked to multiply and subtract the whole result which gives 
us first 52 — (22 — 6) and then 54 -—- 227 + 6. The last prepares 
the way for a minus sign before a fraction in an equation. 

Finally we sum up all we have learned about solving equa- 
tions in the five old rules: 


1. Unite similar terms. 

2. If there are any terms with minus signs, add enough 
to make up the shortage. 

3. If there is an unknown term on each side, subtract 
the smaller one. 

4. Subtract from each side any known term which 

stands beside an unknown term. 

Divide each side by the coefficient of the unknown 

term. 


~' 


Sinee the problem has been made the foundation of all our 
work, we tried to simplify their solution in various ways. First 
by classifying them very carefully and also by the form in which 
to set them down. 
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For instance, I know of two angles such that the seeond is 10 
degrees less than twice the first and if twice the second angle 
is subtracted from 5 times the first, the remainder is 35 degrees. 
Find each angle. 

We first list all the quantities mentioned in the problem, as 
follows: 

Number of degrees in first angle. 
Number of degrees in second angle. 
Number of degrees in 5 times first angle. 
Number of degrees 2 times second angle. 
Number of degrees in difference. 


and then the completed list will read: 


x = number of degrees in first angle. 
22 — 10 = number of degrees in second angle. 
5c == number of degrees in 5 times first angle. 
2(2z 10) = number of degrees in 2 times second angle. 


35 = number of degrees in difference. 


From this completed list it is easy to translate the words of 
the problem into the equation, 52 — 2(24 — 10) = 35. 

The checking of equations when the answer contains a fraction 
is much simplified by the use of the following method of sim- 
plifying a complex fraction: 


83, 834 &« 5 43 

3 3x 5 15 
You see about 15 weeks of the year have gone and we have 
had none of the old-fashioned drill in the so-called fundamentals. 
In our next topic, the linear pair, we get such drill in addition 
and subtraction as is useful and in the next, quadratie equa- 
tions, we get multiplication, division, and factoring, reduced to 

a minimum, however. 

In trigonometry we find our classes intensely interested in 
doing such problems as finding the height of the flag pole, the 
height of our class room window above the ground and the area 


of a little triangular park near us, measuring our angles with a 
crude, home-made instrument. They like best to do the things 


they ean check. They look skeptical when we find the height of 
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the flag pole, but really rejoice when they let the tape down from 
the window sill and find that it agrees approximately with their 
result, or call up the park commission to find that they are not 
too far off in their calculation of the area of the little park. 

After learning and using many geometric facts, toward the 
end of the year our pupils are given an idea of demonstrative 
geometry which completes the new work, but through it all we 
have made use of every opportunity for review of arithmetic 
and of approximate computation. 

Our aim has been to give our classes applied mathematies and 
we have used every effort to make them apply the principles 
learned. We have at school a box into which the pupils drop 
different problems which they wish to have solved. Sometimes 
they are taken from Sam Lloyd’s Puzzles in the Herald, some- 
times from some old mathematics book, sometimes they are prob- 
lems which have been handed down in the family, but most 
often they are problems in finding lengths, areas, volumes, or 
weights of things at home or at school. It is astonishing how 
apropos some of them are. When I was doing my best to con- 
vince them of the advantages of the shorthand of algebra, some 
one brought in the old problem about the fish. ‘‘The head of a 
fish is 8” long. The tail is equal to the head and half the body, 
and the body is equal to the head and tail together.’’ No ex- 
ample of mine could have been half so convincing. 

We believe that our pupils should be made to feel the im- 
portance, the usefulness, and the magic of mathematics; that 
we should keep constantly before them the connection between 
mathematics and their everyday lives; that they should be en- 
couraged to have constantly on their lips the word ‘‘why’’; that 
they should first be made to feel the necessity for a mathematical 
tool before they are drilled in its manipulation; and finally 
that mathematics should be made a live subject to them by giving 
them opportunities to enjoy it in actual use. 
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A STUDY OF THE FACTORS OF SUCCESS 
IN FIRST YEAR ALGEBRA’ 


By EDWIN W. SCHREIBER 
Head of Mathematics Department 
Proviso Township High School, Maywood, Ill 


CHapTeR III 
THE RELATIONSHIP OF ABILITIES 
It will be the function of this chapter to reveal the results of 
the relationships of the various abilities examined in Chapter IT 
as measured by co-efficients of correlation, both of the zero and 
the first order (partial correlation). It will also deal in a limited 


degree with regression lines and equations. 


A. Correlation of Ability to Add with Other Abilities. 

The statement is often made by the teacher of algebra, con- 
cerning some pupil who is not getting along very well in the 
course: ‘‘Oh, well, you can’t expect much algebra from him, he 
cant even add a column of figures.’” The assumption is that the 
ability to add is a contributing factor to success in algebra. Is 
this assumption valid? In general, do pupils who add well sue- 
ceed well in algebra? Likewise, does the ability to add con- 
tribute to the solution of equations and formule in algebra, or 
to the deriving of equations? Is there a distinet relationship 
between adding ability and general intelligence? Would that 
these questions could be answered with some degree of disermi- 
nation. The coefficient of correlation—this little number requir- 
ing so much caleulation—shall be the measure with which we 
mete. Prof. A. R. Crathorne of the University of Illinois has 
constructed a more or less arbitrary seale, given on the follow- 
ing page, as an aid in classifying these coefficients in order to 
find out just what should be considered as a high or a low eor- 
relation. 

All the coefficients of correlation of the zero order were com- 
puted by the Pearson Product-Moment formula and those of the 
first order (partial correlation) by the standard formula as given 
in Yule’s ‘‘An Introduction to the Theory of Statisties,’’ 
page 239. 

From Table 8 it is seen that there is high correlation (.646) 
between ability to add and ability to multiply. This is to be ex- 


1Continued from the February number. 





tl RRM ON Oe tO AC COE 


i 
i 








142 THE MATHEMATICS TEACHER 


pected as multiplication involves addition. Eliminating the fae- 
tor of intelligence the relationship is still high (.615). The eor- 
relation between the ability to add and ability to solve equa- 
tions and formule is medium (.430) but on eliminating the in- 


Scale for Coefhcients of Correlation 








Ex. Low Low Medium High Ex. High 
0 Pr 40 “$5 70 oe «4.00 
TABLE 8 
Correlation Between Ability to Add and Other Abilities 
aad 
Corre- Intelligence 
Subjects lation P.E. Constant P. E. 
Add—Miultiply ------------ 646 .03 615 .03 
Add—Equations ___-------- 430 04 305 05 
Add—Problems __--_------- 316 05 155 05 
‘See 342 .05 i = 
Add—Semester Mark ---_-_-- 453 .04 342 .05 





telligence factor it drops to low (.305). Addition and problem 
solving ability show a low correlation (.316) and when the in- 
telligence factor is eliminated it drops to extremely low (.155). 
Adding ability and general intelligence show a low correlation 
(.342) while adding ability and success in algebra as measured 
by the semester mark show a medium correlation (.453) but with 
the intelligence factor removed it drops to low (.342). 


B. Correlation of Ability to Multiply with Other Abilities. 

Now that we have found a high correlation between addition 
and multiplication abilities, the natural question arises: Is abil- 
ity in multiplication related to the other abilities in much the 
same way as ability in addition? Table 9 gives the data required 
for the answer to this question. 





TABLE 9. 
Correlation Between Ability to Multiply and Other Abilities 
Corre- Partial Cor. 1Q 

Subjects lation P.E. Constant P. E. 
Multiply—Add ------------ 646 .03 615 .03 
Multiply—Equations ------- 363 .05 274 .05 
Multiply—Problems _------- 251 .05 131 .05 
cee! .256 05 ey en 
Multiply—Semester Mark -_-_- 488 .04 430 .04 


In general, it will be observed that the ability to multiply 
correlates with the other abilities much the same as addition. 





Tihs ale 
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It is true that the coefficients are slightly smaller but the prob- 
able error will compensate for this small variation. There is 
apparently one variation that should be considered, namely, the 
correlation between the ability to multiply and semester mark 
which is medium (.488) and which remains medium (.430) when 
the intelligence factor has been eliminated, while in the case of 
addition-semester mark it dropped to low (.342). It would ap- 
pear then, that there is an appreciably higher correlation in the 
former case than in the latter. 

From a consideration of both Tables 8 and 9, we may econ- 
clude that the two most used arithmetical abilities—addition 
and multiplication—have relatively little to do with a pupil’s 
algebraic abilities, or with his suecess in the course as measured 
by semester marks; especially is this true when the intelligence 
factor is eliminated. 

(. Correlation of Ability to Solve Equations and Formulae 
with Other Abilities. 


Table 10 shows how ability to solve equations and formule 
correlates with other abilities. 


TABLE 10 
Correlation Between Equation Solving Ability and Other Abilities 
Corre- Partial Cor. 1Q 
Subject lation P.E. Constant P.E. 
Equation—Add_ --_---~-- matin 430 .04 305 05 
Equation—Multiply —------- 363 05 .274 .05 
Equation—Problems --__---- 592 .03 393 .05 
Equation—IQ  ____--___- eae 571 .04 sulci ae 
Equation—Semester Mark ~~ 727 .03 613 .03 





It will be noticed that there is an apparent high correlation 
(.092) between ability to solve equations and ability to derive 
equations. However, when the intelligence factor is taken into 
account through partial correlation the relationship drops 20 
points to low (.393). This would cause one to believe that gen- 
eral intelligence plays about as much of a role in contributing to 
a pupil’s success in deriving equations—reasoning, if you please 

as does the technique of equation solving. In other words, to 
solve reasoning problems in algebra, though it requires neces- 
sarily some knowledge of the machinery of algebra, depends 
considerably upon the pupil’s general intelligence. 


The extremely high correlation (.727) between the ability to 


solve equations and success in algebra as measured by semester 
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marks, which remains high (.613) when the intelligence factor 
has been eliminated, indicates quite pointedly, though perhaps 
not surprisingly, that the machinery of algebra is the real heart 
of the course. In short, our chief criterion in measuring a 
pupil’s success in first year algebra is his ability to manipulate 
the machinery rather than the capacity to intelligently use this 
machinery. After all, is not the machinery of algebra the raison 
d’etre of a first course in the subject? We take years of the 
elementary school period to develop the mechanical skills of 
arithmetic and with none too wonderful suecess. The second 
course in algebra is the proper season to evolve the capacity to 
use the machinery. It will be noticed from Table 10 that a high 
correlation (.571) exists between ‘‘machinery ability’’ and in- 
telligence so that if we stress the manipulative side of algebra 
in a first course we may still be sharpening wits. 


D. Correlation of Ability to Derive Equations with Other 
Abilities. 














TABLE 11 
Correlation Between Problem Solving Ability and Other Abilities 

- Corre- ~—_—s&PPartial Cor. 1Q 

Subject lation P.E. Constant P.E. _ 

Problems—Add __---------- 316 05 .155 05 
Problems—Multiply ~~ ----- 251 .05 .131 .05 
Problems—Equations ~------ 592 .03 393 .05 
Problems—IQ ~_-.---------- .576 .04 
Problems—Semester Mark-_- 644 .03 491 .04 


The results of correlation between the ability to derive equa- 
tions (solve verbal problems) in algebra and the other abilities 
are found in Table 11. Observe that correlation between problem 
solving ability and intelligence (.576) is no higher than the cor- 
relation, between equation solving ability and intelligence (.571) 
found in Table 10. The relationship between problem solving 
ability and suecess in algebra as measured by school marks is 
high (.644) but drops to medium (.491) when the intelligence 
factor is eliminated. It is therefore to be concluded that ability 
to solve equations and formula contributes more to a pupil’s 
success in first year algebra, other things being equal, than any 
of the other abilities.. This being the case, Figure 15 is com- 
piled, giving the regressions lines—or as Yule aptly suggests, 
the characteristic lines—as well as the regression (characteristic ) 
equations. In the figure the small circles indicate the mean for 
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the rows and the small crosses the mean for the columns. The 
figure shows clearly that regression is linear. Regression equa- 
tion (1) X = .438Y — 20.5 + 2.2 allows us to predict the most 
likely value of X (score in equation and formula test) in terms 
of Y (semester mark). For example, a semester mark of 85 
predicts 16 as the most likely score in the equation and formula 
test, with a probable error of + 2.2. Again, a passing grade in 
algebra (at Proviso 75) predicts a score of 12 on the test as the 
one most likely, with a P. E. of + 2.2. Only seven (4.4%) 
pupils at Proviso passed the course in first year algebra with a 


seore of less than 10. 
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Fig. 15. Regression Lines and Equations for Rights on Hotz Equation 
and Formula Scale and Semester Marks in Algebra. 
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Fig. 16. Regression Lines and Equations for Rights in 
Multiplication (Courtis) and Rights in Problems (Hotz). 


Regression equation (2) Y == 1.24X + 63.06 + 3.2 allows us 
to predict the most likely value of Y (semester mark) in terms 
of X (score in the test). Thus a score of 22 in the test predicts 
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a grade of 90, with a probable error of + 3.2. A seore of 9 to 10 
predicts a barely passing mark of 75. 

Figure 16 is inserted to show how little predicting value the 
regressions lines and equations have between two variables when 
the correlation is low (.251). Thus from (1) a score in Y (prob- 
lems) of 8 predicts a score in Y (multiplication) of 8 but from 
(2) a seore in XY of 14 predicts a score in Y of 8, an apparent 
absurdity. In brief, where correlation is low there are no ‘‘echar- 
acteristic’’ lines or equations. 


E. Correlation of General Intelligence with Various Abilities. 

We now come to the interesting question: how is suecess in 
first year algebra related to general intelligence as measured by 
the Otis Higher Examination, Form A? What IQ is necessary 
to pass the course in first year algebra? Table 12 and Figures 
17 and 18 give the information. 


TABLE 12 
Correlation Between General Intelligence and Various Abilities 





Subjects Correlation P. E. 
I a Sess si seca cniod, Seguiacehsaia pease can 342 05 
SI op Sisco nis ocak aegis naam bins .256 .05 
1—Besateas ................ :eclesiain er aaiees aa 571 04 
I a as 576 .04 
o--Bemester BEAGE ...................... 524 .04 
Otis Rights—Semester Mark____------_---- 540 .04 





From Table 12 it will be observed that intelligence plays a 
relatively low role in arithmetical abilities while it plays a 
medium, or better, a significant role in algebraic abilities as well 
as in success in algebra as measured by semester marks. Gener- 
ally speaking, then, intelligence and success in algebra go hand 
in hand. Consider Figure 17 for some definite information in 
this regard. It is a ‘‘seattergram’’ of the correlation between 
seores (rights) made on the Otis Higher Examination, Form A, 
and semester marks in algebra. It also gives the ‘‘character- 
istic’’ lines and equations. To predict what a pupil in general 
will do in algebra from the score he makes on the Otis Higher 
Examination we use equation (2). To barely pass the course 
in algebra (75) requires the most likely seore of 31. There 
were only 15 (9.3%) of the pupils at Proviso who passed the 
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course with a seore of less than 30. Thus we conclude that, other 
things being equal, a pupil who makes a score of less than 30 on 
the Otis Higher Examination, Form A, stands a very small 
chance in succeeding in first year algebra. He had better be 
advised not to take the course. 

On the other hand, an exceptionally good mark in algebra 
(95) presupposes a score of about 60 (other things being equal) 
on the Otis Higher Examination. A score of 45 on Otis Higher 
Examination predicts about average success in first year algebra 
(85). 
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Fig. 18. Scattergram of the Correlation Between I. Q. 
and Semester Marks in Algebra. 


Figure 18 gives the same information in terms of IQ. To 
pass the course in first year algebra (75) requires an IQ of 95 
(the most likely value) though there is a 50-50 chance (P. E.) 
that an IQ of 90 will be sufficient. There were only 10 (6.2% 
pupils at Proviso who passed the course in first year algebra 
with an IQ of less than 90. In general, then, a pupil having an 
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IQ of less than 90 is a poor risk as far as suecess in first year 
algebra is concerned. 

An IQ above 120 predicts very fine success in first year algebra 
(95), other things being equal. Other things, however, are 
usually not equal for the brilliant pupil rarely works up to his 


capacity. 
F. Correlations Concerning Age and Class Period. 


There is apparently no relationship between age and success 


in first year algebra as the coefficient of correlation is —.075 
with a P. E. of +.05. This no doubt is due in part to retarda- 
tion. 

Again, a correlation of —.029, P. E. +.05, between the class 


period (morning or afternoon) shows that the time of day has 
nothing to do with success in first year algebra. 


CHAPTER IV 


ANALYSIS OF PROBLEMS SOLVED AND FAILED 
‘* Algebra is generous, she often gives more than is asked of 
her’’—D’Alembert. In looking over the papers of the 160 pupils 
that compose this study, the writer was often amazed at the 
matchless contributions offered as evidence of algebraic ability. 
Let us examine in some detail the types of problems solved and 
failed by the pupil in first year algebra. 


A. Percentage Distribution of Problems Solved in Equations 
and Formula. 

Figures 19 and 20 give the results in solving equations and 
formula as measured by the Hotz Seale, Series B. It will be 
noticed that everyone solved Problem 1. Problem 2, which in- 
volved but a simple transposition of one term, was missed by 
about 6% of the group. In Problem 3, which also involves but 
one transposition, we find that to transpose an arithmetical term 
of 3 appears to be a little more confusing to the pupil than to 
perform the same operation with an algebraic number as 3m in 
Problem 2. Less than 6% fail in Problem 2 while 10% fail in 
Problem 3. When two transpositions are involved, as in Problem 
4, 15% of the pupils fail. The same number of pupils fail to 
solve Problem 5. In Problem 6, after transposing and combin- 
ing terms, we have —3z + 6, nearly 17% of the pupils 
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fail to get the answer. The idea of negative number is a diffi- 
cult one for the young first year algebra pupil. More than one- 
third (36.2°7) of the pupils failed on the apparently simple 
Problem 7. Most of them took two-thirds of 6 and ealled 4 the 
answer. 

Fractions in arithmetic as well as fractions in algebra are 
ever a stumbling block to youth. Problem 9, a similar situation, 
shows even a greater inability to handle fractions as nearly one- 
half (48.77 ) of the pupils fail to get the correct result. One- 
third of the group (82.57) fail to get Problem 8, which in- 
volves the removing of a parentheses preceded by a negative 
monomial factor. When a fractional equation involves a simple 
cross-multiplication, as in Problem 10, the majority (80%) of 
the pupils succeed in getting it. The first formula to be used 
was in Problem 11; more than one-third (36.2%) failed to use 
it sueeessfully. Concerning Problem 12, 73.8% got it because 
it was made up entirely of fractions, whereas in Problem 9 we 
find a whole number and fractions—a much more confusing 
situation. More than one-half (55.6%) failed on Problem 13 
which shows that a parentheses preceded by a fractional factor 
is a difficult idea for the pupil to grasp. Problem 14, though it 
involves considerable arithmetical calculation was suecessfully 
accomplished by 55.6% of the pupils. They enjoy working this 
type of problem. In Problem 15, as in Problem 10, the situation 
involves but a simple eross-multiplication and so three-fourths of 
the pupils sueceed. This problem ranked 8 at Proviso (ranking 
from easy to difficult) while in the Hotz Test it ranks 15. Prob- 
lem 16 is another application of the use of a formula and only 
56.2% are successful in getting the correct result. Had 3.1416 
been given for the value of pi, instead of 34;, more pupils would 
have succeeded. An easy problem as No. 17 was missed by 
27.5% of the pupils. Literal equations fail to function to any 
great extent in the youthful mind. Problem 18 is too much for 
more than half of the pupils; the result is z 1, which is 
no doubt the reason for the high fatality. Only one-fourth 

26.2%) of the pupils in first year algebra can handle a simple 
quadratie equation of the form given in Problem 19. Problem 
20 tells the same story but it is a poor type of test problem be- 
cause; (a) one rarely has oeceasion to deal with trinomials in the 
denominator, and (b) one of the roots (—1) is extraneous as 
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it does not satisfy the original equation. About one pupil in six 
can do a problem of the type given in No. 21. Here the pupil’s 
natural impulse is to clear of fractions and he runs into an zy 
term and can go no further. No. 22 is another formula problem 
which 39.4% of the pupils solve. More would have had success 
with this problem had it been among the first. Problem 23 is a 
difficult one as only one in 12 pupils is suecessful in solving it. 
However, the element of fatigue is contributing largely by this 
time to slow up the pupil’s powers and make him less accurate. 
Very few (6.3%), and none got Problems 24 and 25 respectively. 
These problems were beyond the ground covered in the course at 
Proviso at the time the test was taken. 

In general, problems involving fractions, the application of 
formule and the solution of quadratic equations are the pons 
asinorum of first year algebra, as far as the machinery of alge- 
bra in solving equations is concerned. 


B. Percentage Distribution of Problems Solved in Deriving 
Equations. 

Let us now observe with what success pupils ean intelligently 
use the machinery of first year algebra in the solution of verbal 
problems. Figure 21 gives the information. It seems almost in- 
eredible that pupils who have studied algebra for nine months 
could fail on Problem 1 and yet five pupils did fail (about 3%). 
Twenty pupils failed Problem 2 and 22 pupils failed Problem 3. 
Apparently one pupil in a class of 20 to 25 does not have the 
capacity to connect up his algebraic machinery to the simplest 
type of verbal or reasoning problem. One-third of the pupils 
fail to set up the proper equation for No. 4. The relative value 
of silver and gold has seemingly little meaning to them. In No. 
5 when a train runs between New York and Chicago at v miles 
per hour only 70% get on and ride. From the sixth problem 
on approximately two-thirds of the pupils are out of the run- 
ning, which shows conclusively that the pace is too much for 
them. Not even the thrills of a basketball court nor a ticket to 
the big tent at the circus (Nos. 6 and 7) can arouse these dis- 
couraged stragglers. The survivors, on the other hand, are still 
capable of finding the length of a box in No. 8 but the opera- 
tion appears to tire a goodly number who drop out at this point. 
Only 39 (24.4%) of the original 160 are left to find the dimen- 
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sions of the square and rectangle in Problem 9, while but 27 
push on into the shadow of the tower (No. 10). Here 3 say they 
have had enough while the remaining 24 (15%) invest their 
hard earned money at rather poor rates of interest (No. 11). 
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Fig. 21. Percentage Distribution of Problems Solved on Hotz Problem Scale. 


But 14 of these exhibit the necessary funds to take a trip on the 
trains in No. 12. Of the 11 remaining 10 sup their last eup of 
60 cent tea (No. 13) while only one out of the 160 who started 
on the same journey deposits his treasure in the little hand- 
made tin box (No. 14). 
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C. Percentage Distribution of Types of Errors in Solving 
Equations and Formulae. 

The results on the types of errors found in the papers of the 
pupils will be found in Table 13 on the following page. More 
than half of the errors made by the pupils as shown in this table 
(only the poorer papers were analyzed for errors) were made in 


performing the wrong operation in solving for the unknown. 


Errors in transposition amounted to 14.6% It will be noticed 
that arithmetical errors are comparatively rare (5.84%) again 
contributing to the evidence that arithmetical skills, or rather 
their lack, play a minor role in failure in algebra. Though the 
four fundamental operations in algebra are a source of consid 
erable complexity to the beginner of the subject yet after nine 
months’ training he experiences little difficulty in this regard as 
the small number of errors indicate (5.8% Other errors, as 
Table 13 reveals, contribute less than 5° each to the total, ex 
cept for the unclassified group. 


PaBLe 13 
Classification of 206 Errors Made by Pupils at Proviso in Hotz 
Equation and Formula Scale, Series B 


Type of Error No. Errors 

1, Performing wrong operation in solving for unknown 112 54.4 
2. Error in sign in transposition 30 14.¢ 
3. Simple arithmetical errors_- : : 12 5.8 
4. Error in using the four foundamental operations of 

NS coo on ccs Ka F ere 12 5.8 
5. Adding denominators in the addition of fractions 2 l 
6. Incomplete solution os eas 10 4.9 
7. Error in copying------ e i asndecigidiea 8 3.9 
8. Using exponent for coefhcient__..__.__-_~- 2 l 
9. Error in substituting the value of the unknown in 

ER Saree eer ee a eee 3 1.5 
10. Unclassified errors ~__-_- 4 15 7.3 


D. Percentage Distribution of Types of Errors in Deriving 
Equations. 

It is evident from Table 14 that the great majority of errors 
in deriving equations are made by indicating incorrect opera 
tions due to failure to comprehend the problem. Failure to 
comprehend the problem due to use of technical terms, causing 
confusion, contributes 11.5% towards the total number of errors 

















FACTORS OF SUCCESS IN ALGEBRA 155 


This analysis of errors confirms the conclusion made in Chap- 
ter III that sueeess in deriving equations is due in considerable 
measure to general intelligence which is the factor that admits 
the pupil to comprehend the problem. 


TABLE 14 


Classification of 104 Errors Made by Pupils at Proviso 
in Hotz Problem Scale, Series B 





Type of Error No.Errors % 


1. Incorrect operation indicated due to failure to com- 


PP Pe occneccadnnddapeasnesateeean 82 78.8 
2. Conditions apparently understood but work left in 

eee eee ee 3 2.9 
3. Failure to comprehend problem due to use of technical 

itech ncciniemcam ann eine ination 12 11.5 
4. Inverting the order of terms in subtraction and di- 

Micah direducetuntatnaccanmeeaenceneeneanes 6 5.8 
5. Attempt to solve problem in two unknowns with only 

one equation containing the two unknowns__-__--- 1 1.0 


CHAPTER V 


ANALYSIS OF FAILURE 

Though the statement was made in Chapter III that the arith- 
metie abilities of addition and multiplication had relatively 
little to do with a pupil’s success in first year algebra yet it 
goes without saying that some (sufficient) capacity in these skills 
is absolutely essential. Furthermore, it was found in Chapter 
III, and again in Chapter IV, that comprehension (general in- 
telligence) is a considerable factor of success in first year alge- 
bra. It will be the purpose of this chapter to study the arith- 
metic abilities and general intelligence of the 27 pupils who 
failed the course in first year algebra at Proviso in order to 
determine what bearing these factors have upon failure. The 


oT 


algebraic abilities of the 27 pupils will also be considered. 


A. Abilities of 27 Who Failed. 

Table 15, given on the next page, shows conclusively that the 
ability to add among pupils who fail in algebra is far below 
the standard as well as below the Proviso median. These pupils 
are very slow and inaccurate in addition as revealed by the 
Courtis test and have acquired a dislike for the mechanies of 


arithmetie, which attitude has no doubt been earried over into 
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algebra with a detrimental effect. The same may be said of the 
group concerning their ability to multiply. These pupils began 
the course in first year algebra with a considerable deficiency in 
two important arithmetie skills and it is little wonder that they 


made a poor showing in algebra. 


TABLE 15 
Arithmetic and Algebraic Abilities of 27 Pupils Who Failed in Algebra 
Compared with Standards 





Proviso 


Ability Median Score Standard Median 
Addition ....... sieve = 4.7 8.8 7.8 
Multiplication ihe 6.3 9.3 8.1 
Solving Equations _______- 9.0 16.0 16.3 
Solving Problems ~__---_- 3.9 7.5 7.3 


The ability to handle the machinery of algebra (solve equa- 
tions and formule) is very much below standard in these 27 
pupils as Table 15 indicates. In fact, the median seore for the 
successful pupils is nearly twice that of the pupils who fail. 
The type of problems solved in the Hotz Equation and Formula 
Seale (see Figures 19 and 20) by the pupils who failed in alge 
bra is given in Table 16. 


TABLE 16 


Problems Solved in Hotz Equation and Formula Scale by 27 Pupils 


Who Failed in Algebra at Proviso Compared With 
Pupils Who Succeeded 





% For % For 
No. Pupils Pupils Who No. Pupils Pupils Who 

Problem Solving % Succeed Problem Solving % Succeed 
1 27 100 100 13 2 7 §2 
2 22 82 97 14 7 26 62 
3 18 67 95 15 13 48 80 
+ 19 70 88 16 5 18 64 
5 18 67 89 17 11 41 79 
6 17 63 87 18 3 11 56 
7 11 41 68 19 1 + 31 
8 11 41 73 20 0 0 32 
9 9 33 55 21 1 + 20 
10 12 44 87 22 + 15 44 
11 11 41 68 23 0 0 11 
12 11 41 81 24 1 4 7 
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All the pupils who failed in algebra were able to do the first 
problem, 22 the second problem, and only 11 the seventh prob- 
lem (see Figure 19). In short, 60% of the pupils who failed 
were unable to go much beyond the sixth problem on the Hotz 
Seale. 

When it comes to the ability to use intelligently the machinery 
of algebra (derive equations for verbal problems) the pupils 
who fail are indeed very poor, as Tables 15 and 17 reveal. 

TABLE 17 


a7 


Problems Solved in Hotz Problem Scale by 27 Pupils Who Failed in Algebra 
at Proviso Compared With Pupils Who Succeeded 





No. Pupils % Pupils % For Pupils 

Problem Solving Solving Who Succeed 
1 23 85 99 
2 19 70 91 
3 18 67 90 
4 11 41 73 
5 12 44 75 
6 2 7 40 
7 4 15 44 
8 3 11 44 
9 1 4 29 
10 3 11 18 
1] 1 4 17 
12 0 0 11 
13 0 0 8 
14 0 0 1 





From Table 17 (see also Figure 21) we note that 23 of the 
pupils who fail got the first problem, 19 the second, and 18 the 
third. More than half the pupils who fail eannot work problems 
much beyond the third problem on the Hotz Seale and nearly 
90% eannot work problems beyond the fifth. This is conclusive 
evidence that the capacity to set up equations simply does not 
function among the great majority of the pupils who fail in 
first year algebra. 

Let us turn our attention for a moment to Figure 22, which 
gives us at a glance the individual scores made by each of the 
27 pupils who failed in algebra at Proviso. The little horizontal 
cross bars indicate standard medians. Pupil A made a score of 
two (rights) in addition, a score of three in multiplication, a 
score of seven in solving equations and formule, and a score of 
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four in solving verbal problems. He is evidently very much be- 
low standard in all four abilities as the little cross bars indicate. 
We find upon examination that 18 (67%) are below standard in 
all four abilities. Only six (22%) are above standard in addi- 
tion, two (7.4%) are above standard in multiplication, two are 
above standard in solving equations and formule, and two are 
above standard in solving verbal problems. None are above 
standard in all four abilities and only three (11%) are above 
standard in two abilities. Pupil X, who is above standard in 
both algebraic abilities, failed the course primarily because of 
irregular attendance. 


TABLE 18 


Median Age of, and Scores Made on Otis Higher Examination, Form A, 
By 27 Pupils Who Failed in Algebra Compared With Standards 











Failure Group Otis Standard Proviso Standard 
Otis Rights 30.8 36.0 41.6 
IQ 95.3 100.0 101.3 
Age in Years 15.0 15.0 15.0 
TABLE 19 


Individual Scores and IQ on Otis Higher Examination, Form A, of 
27 Pupils Who Failed in Algebra 





Pupil Score 1Q Pupil Score 1Q Pupil Score 1Q 





A 24 90 J 29 96 S 27 91 
B 34 93 K 32 96 r 27 93 
he 30 96 ¥ 24 84 U 41 104 
D 21 80 M 30 96 V 34 103 
E 29 94 N 46 113 W 43 103 
F 29 90 O 23 83 X 54 116 
, & 32 96 P 39 107 Y 28 91 
H 29 97 Q 35 98 Z 25 89 
I 30 97 R 31 91 A 92 





B. The Intelligence of 27 Who Failed. 

It has been shown that the pupils who fail in first year alge- 
bra are very much below standard in addition, multiplication, 
solving equations and formule, and in solving verbal problems. 
Let us now consider their intelligence as measured by the Otis 
Higher Examination, Form A. From Table 18, given on the 
next page, it will be noted that the median seore (30.8) of these 
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27 pupils is below normal (36.0) and considerably below the 
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Proviso median (41.6). The IQ (median) of the group is five 
points below normal on the seale of 100 and six points below 
the IQ for all the pupils at Proviso (160). The age. of the 


pupils who failed is 15 years (median) which is normal. 
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Letters represent different pupils; perpendicular lines, pupil’s 
individual scores in (1) Addition, (2) Multiplication, (3) Equa- 
tion and Formula, (4) Problems; horizontal cross bars are 
standard medians. 
Fig. 22. Individual Scores Attained by 27 Pupils Who Failed in First 
Year Algebra, Proviso Township High School, Maywood, III. 


From Table 19 it will be observed that but six pupils failed 
who had an IQ above 100. Of these, N and P are described by 
their teachers as very lazy. U has a wrong attitude towards his 
work, V is very immature, W admitted he had very poor prep- 
aration before coming to Proviso, and X, as stated before, failed 
because of irregular attendance. 
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However, in Chapter II, it was found that the most likely 
score for a passing mark in algebra (75) was 31, or the most 
likely IQ was 95. Such being the case, more than half of these 
pupils had ‘‘sufficient comprehension’’ to pass the course in 
algebra but other causes contributed to their failure. Thus it 
may be concluded that low general intelligence as measured by 
the Otis Examination may account for some of the failures in 
first year algebra, but other causes—as stated before—contribute 
much to the millstone of failure. 


CHAPTER VI 
A SUMMARY OF THE FINDINGS AND THE CONCLUSIONS 


A. Summary of the Findings. 


1. In general, pupils who are studying first year algebra have 
normal arithmetical abilities in addition and multiplication, 
though there is a wide range found. On the Courtis Test in 
addition pupils add with a rate of 11 examples (standard is 
11.6) in eight minutes and with an accuracy of 72% (standard 
is 76%). They multiply with a rate of 11.1 examples (standard 
is 11.5) in six minutes and with an accuracy of 76% (standard 
is 81%). 


2. Pupils in first year algebra are more skillful in manipulat- 
ing the machinery of algebra—solving equations and formule— 
than they are in using this machinery—deriving equations for 
verbal problems. On the Hotz Seales, they solve 15.2 problems 
in equations and formule (standard is 16.0 in 40 minutes), while 
they solve only 6.2 problems in deriving equations (standard 
is 7.5 in 40 minutes). 


3. The correlation between arithmetic abilities (addition and 
multiplication) and algebraic abilities (solve and derive equa- 
tions) is low, especially when the intelligence factor is elimi- 
nated through the use of partial correlation. The coefficients of 
correlation range from .13 to .30. 

4. The relationship between arithmetic abilities and success in 
first year algebra as measured by semester marks is low when the 
intelligence factor is a constant. 
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». The general intelligence of pupils in first year algebra 
classes, as measured by the Otis Higher Examination, Form A, 


is no higher than for pupils in general who are of the same age. 
The median IQ is 101. 


6. The eorrelation between arithmetic abilities and general 
intelligence is low (.26 to .34), while between algebraic abilities 
and intelligence the correlation is very substantial (.57). 


7. The relationship between general intelligence and success in 


first vear algebra as measured by semester marks is .52. 


8. There is a great range in age (nearly seven years) in pupils 
studying first year algebra, though most of them are 15 years old 
with a standard deviation of 13.5 months. 


9. At Proviso one pupil in six fails the course in first year 
algebra. 

10. In solving equations and formule as measured by the 
Hotz Seale, problems involving fractions, the application of 
formule, and the solution of quadratie equations, present the 
greatest difficulties to the first year algebra pupil. 


11. On the Hotz Problem Seale (deriving equations) two- 
thirds of the pupils cannot work problems much beyond the 
difficulty represented by the fifth problem. 


12. Performing the wrong operation in solving for the un- 
known contributes 54°) towards the total number of errors made 
in solving equations and formule. 


13. Incorrect operation, due to failure to comprehend prob- 
lem, contributes 78% towards the total number of errors made 
in deriving equations. 


14. Pupils who fail in first year algebra are much below 
standard in arithmetie and algebraic abilities. Their IQ is 95 
(median). 

15. On the Hotz Equation and Formula Seale, 60% of the 
pupils who fail in algebra cannot work beyond the sixth problem. 
The same pereentage of pupils who succeed in algebra go to 
the 19th problem. On the Hotz Problem Seale more than half 
of the pupils who fail eannot work beyond the third problem, 
while more than half of those who sueceed cannot work beyond 
the fifth problem. 
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B. Summary of the Conclusions. 


From the study of the 160 pupils in eight first year algebra 


classes at Proviso as presented in the foregoing pages the fol- 
lowing conclusions may be drawn: 


1. The two most used arithmetic abilities—addition and mul- 
tiplication—have relatively little to do with a pupil’s algebraic 
abilities, or with his success in algebra as measured by semester 
marks, especialiy is this true when the intelligence factor is a 
constant. 


2. Our first criterion in measuring a pupil’s success in first 
year algebra is his ability to manipulate the machinery of alge- 
bra rather than the capacity to intelligently use this machinery. 
A score of 10 on Hotz Equation and Formula Seale, Series B, 
represents minimum ability in solving equations, while a score 
of 16 represents average ability. 


3. General intelligence is a substantial factor of suecess in 
first year algebra as the correlation of .52 indicates (Otis 
Semester Mark). 


4. In general, an IQ of 90, as measured by the Otis Higher 
Examination, Form A, is necessary to pass the course in first 
year algebra. Only 6% of the pupils at Proviso passed the 
course with an IQ of less than 90. <A seore of 45, or an IQ of 
110 predicts average success in algebra, other things being 
equal. 


5. A small negative correlation (—.07) between age and suc- 
cess in algebra indicates that age is not a contributing factor to 
success in first year algebra. The small correlation is no doubt 
due in part to retardation. 

6. The time of day (whether the pupil is in a morning or 
afternoon class) is not a contributing factor to success in first 
year algebra. 

7. Arithmetical errors make up a very small part of the total 
errors made in solving problems in algebra. Here again, arith- 
metic and algebra, as far as errors are concerned have little 
in common. 

8. The analysis of errors in deriving equations confirms the 
conclusion that success in this ability is due in considerable meas- 
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ure to general intelligence. In fact, intelligence plays as large 


a role as the ability to manipulate the machinery of algebra. 


9. In general, pupils who fail in first year algebra are much 


below standard in both arithmetic and algebraic abilities. The 
fact that they are inferior in arithmetie abilities no doubt has 
a detrimental effect upon their attitude towards algebra and 
thus make an inferior attempt at acquiring algebraic abilities. 


10. Pupils fail in first vear algebra because of low intelligence, 
but other eauses contribute much to the millstone of failure. 
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IMPROVEMENTS IN TEACHING ALGEBRA AND GEOM- 
ETRY MADE POSSIBLE BY THE NEW COLLEGE 
BOARD REQUIREMENTS ' 

By PAUL E. ELICKER 
The Newton High School, Newtonville, Mass. 

The topie assigned sets a task almost impossible at such an 
early day. To ascertain at this date improvements in the teach- 
ing of mathematics, resultant of the new requirements set by 
the College Entrance Examination Board, or to foretell with 
even a fair degree of accuracy, is certainly beyond my powers. 
I shall not attempt it. 

Though we have just passed through the throes of a spasm of 
educational measurements, wherein we have measured or have 
attempted to measure almost everything in the secondary schools, 
we have also learned that in our many and exhaustive attempts 
to measure, there are many educational factors yet unmeasured. 
Such, I believe, are the improvements in teaching of mathe- 
maties under the new program of requirements. Possibly some 
of you, at some future time, when the new and changed content 
of algebra and geometry shall have had sufficient consideration 
from pupils and teachers and shall have found a complete adop- 
tion in the school programs to warrant measurement, may de- 
termine a suitable measure of the improvements in teaching 
algebra and geometry. My task, however, is humbler. 

The topic permits me to offer judgment and I shall endeavor 
to point out briefly the present and future tendencies which have 
developed or are now in the process of development, resulting 
from the new requirements in mathematies. 

The present requirements are comparatively new to us. Our 
secondary schools, especially our public schools, must have time 
to study the problem from all angles. These schools have met, 
in their teaching, the old requirements for such a long time, 
that no one is willing to issue a prescription as to the best 
method of adopting the new. This is exemplified in a larger 
way by the junior high school idea. Educators knew long before 


1A copy of a paper read before the Twenty-Second Annual Meeting of the 
Association of Teachers of Mathematics in New England, December 6, 1924 
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the movement gained much headway that the reorganization of 
the grades now comprising the junior high school was inevitable. 
It came. Even now we are not agreed as to the ‘‘best’’ program. 
Edueation will best serve as long as it remains education toward 
an ideal, 

One need but glance at the annual report of the secretary of 
the College Entranee Examination Board to see, in a statistical 
manner, if in no other, how very far reaching is the influence 
of its examinations on the many secondary schools of the country 
and especially the East. The reason for this controlling influ- 
ence is easily recognized. Schools preparing students for col- 
leges where the prevailing mode of admission is by examination, 
direct their instruction toward examination, even though a very 
small percentage of the class attempt such examination. The 
teacher, well aware that her success depends largely, perhaps un- 
fortunately so, on the successful results of the students attempt- 
ing the examination, oftimes, by necessity, becomes a slave to 
technique and arranges her instruction to develop mechanical 
skill and perfection in memory at a sacrifice of a real and practi- 
eal understanding of the fundamental principles of the subject. 

The National Committee on Mathematical Requirements, whose 
work stands as a monumental endeavor in the field of mathe- 
maties, after much search, was convinced that much of our 
teaching, particularly in algebra, had become too meheanieal. 
As a result the committee set down anew and at the same time 
redefined the aims of mathematies. The committee found, among 
other findings, that there was no real conflict of interest be- 
tween those students who ultimately went to college and those 
who did not. The committee thus assured proceeded to examine 
the content of the secondary school program in algebra and sub- 
mitted the content in topie form to various tests, in order to 
determine the relative value of such topies in the work of the 
student in his elementary college courses. 

Such values were obtained by asking a number of college 
teachers, prominent in their various fields aside from mathe- 
maties, to give an estimate of the value of the various topics 
of algebra as a preparation for the elementary courses in the 
physical and social sciences. The combined opinions are a mat- 
ter of record and may be found in the report of the National 
Committee. It is noticed that the linear equation and the 
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formula, its meaning and use, headed the list with numerical 
trigonometry not far below. Simultaneous quadratic equations 
were listed near the end. 

The National Committee also conducted an investigation inde- 
pendent from the one just mentioned, involving the needs of the 
high school pupil irrespective of his possible future college in- 
tentions. The topies of algebra correlated very closely to the 
values obtained in previously mentioned tabulation. The com- 
mittee then proceeded to find and arrange a suitable program. 

The College Entrance Examination Board was ready and will- 
ing to appoint a commission to confer with the National Com- 
mittee for further consideration of its proposal. 

By way of digression may it be stated that it has always 
appeared that the College Entrance Examination Board has 
maintained an open minded attitude toward any research relat- 
ing to the principles that underlie its work. It has never re- 
garded any question as closed or any problem as solved as long 
as our leading educators consider such problems as unsettled. 

About ten years ago, there were many and various move- 
ments looking toward reform in the teaching of mathematics. 
These movements had made much headway in many localities. 
The National Committee organized in 1916 gave the much desired 
national expression to the many movements in its final report in 
1923. The College Entrance Examination Board issued its re- 
port about the same time. These two reports answered in a spe- 
cific manner the thus far unheeded ‘‘eall’’ for revision. 

Wherein are the essential differences and just how do they 
assure a full realization of the present day tendencies toward 
the improvements in teaching? There is a substantial reduc- 
tion in that part of algebra involving algebraic technique, (a) 
such as a reduction of the cases of factoring to three types, 
namely, monomial factors, difference of two squares, and tri- 
nomials of the «* + px+q type. 

(b) Omission of the H. C. F. and L. C. M. as a separate topic. 

(c) Reduction in the requirement of involved cases of the 
four fundamental operations as separate topics. 

(d) Omission of the square root of a polynomial. 

(e) Reduction of the number of cases of the simultaneous 
quadratic systems to two cases, one equation linear and one 
equation quadratic and the case when both equations are quad- 
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ratic, but readily solvable by substitution or by addition or 
subtraction. 

Previous to these omissions and reductions, the prevailing 
type of examination in algebra was necessarily a test of the 
pupil’s skill in formal manipulation and not always assuring 
a satisfactory test of the pupil’s understanding of the principles 
of the subject or of his ability to apply such principles. 

Furthermore, it has been generally felt that the past exami- 
nations have eontained questions of the formal manipulative 
type too difficult and too complex. Teachers who prepare pupils 
for such examinations are necessarily and unwillingly com- 
pelled to devote an excessive amount of time to drill in alge- 
braie technique at a sacrifice of an adequate understanding of 
the principles involved. Too often have we heard the remark 
among teachers, ‘‘Oh! If I eould only teach instead of drill for 
the entrance examinations.’ 

It may appear from the foregoing that the source of all the 
difficulty has been the examination itself. It is not so. Ex- 
aminers have had a most difficult task. As long as algebra 
is taught as it is, examinations must be largely on technique 
in order to furnish a fair test of the work of the pupil under 
the time limit of the examination. On the other hand, the vast 
body of teachers engaged in this work, feel that algebra must 
of necessity involve this excessive drill in technique because of 
the character of the examination—thus setting up a vicious 
circle. 

Will then the reduction of the more formal part of algebra 
encourage our present day teachers to attain by their teaching, 
a better understanding of the underlying principles? To ask 
the question is to answer it. 

To the outsider it may appear that such a reduction of con- 
tent may mean a lowering of the standard previously set by 
the entrance examination. Though I think it is well understood 
among all of us, that the College Entrance Examination Board 
did not intend that the degree of maturity or the time for 
preparation required for these examinations is to differ from 
the previous requirements. 

1. A prominent place for the formula, its meaning, use, evalu- 
ation and formation from words, all obtained from fields in- 
volving ideas familiar to the pupil. 
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More emphasis on graphs and graphical representation. 
The material for such graphs shall consist of a statistical data 
and formulas involving two variables such as the formula for 
the area of the circle, A= -r*. Formulas of this type also offer 
a splendid opportunity to illustrate graphically the functional 
relationship. 

3. The additional topics, numerical trigonometry and _ loga- 
rithms. The value of these topies, especially the former, has 
been justified in many discussions the country over in recent 
years. It is not my purpose to justify their addition to the 
program. Suffice it to say that they offer material interesting 
to the teacher and pupil, ineluding computation leading to prae- 
tical situations. Logarithms, if for no other reason, give the 
pupils a better appreciation of the value and use of a table. 


GEOMETRY 

The content of the present requirements in geometry both 
plane and solid are essentially the same as before, but a new 
emphasis has been placed on various parts of the requirements. 
The outstanding innovation, which is weleomed by teachers, is 
the starred list of propositions, all designed to diminish the 
demands on a pupil’s memory and relieve the teacher of exces- 
sive drill. This new order of things will give the teacher more 
time to develop a real geometrie understanding and an oppor- 
tunity to do more of the computation of geometry the latter part 
of which is so full of possibilities. The teacher will also have 
more time to follow up many outside geometry interests. Teach- 
ers are already finding a new happiness in bringing outside ac- 
tivities into the geometry program such as: the geometry of 
games, cross word puzzles, and other interesting phases. 

Briefly, the essential differences in the new geometry require- 
ments are not wholly in the requirements but in the examination 
itself. One-third of the examination is devoted to the proposi- 
tions taken from the starred list instead of one-half of the ex- 
amination, as previously, consisting of propositions taken from 
the entire list. It must follow then that more emphasis must 
be placed on the so-called ‘‘original’’ work. If a pupil is to be 
tested is it not this part of his work that requires a test? Is 
not this the field that every enthusiastic teacher wants to de- 
velop to the utmost? Is it not this work on the ‘‘original’’ 
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problems that gives to the teacher and pupil a real delight in 
self accomplishment? There is in every pupil’s mind an eager- 
ness to learn the ‘‘why’’ for himself. In the past both the teacher 
and the pupil have had too much prescription and predigested 
thought. This step will do much to develop, in a truer sense, 
original centers of self directed activity. 

The new examination in geometry gives us an increased free- 
dom in a sequence of theorems. The teacher and pupil may 
use any sequence logically sound and may even quote theorems 
not listed in the prescribed syllabus if they have been presented 
as standard theorems in the pupil’s course. This freedom many 
of you may be unwilling to permit in your own classes, due 
mainly to the increased difficulty or grading the examinations 
with justice. The College Entrance Examination Board has as- 
sumed such responsibility and it is well known among those 
who correct the geometry entrance examination papers that 
much time is spent and research made to justify an answer given 
by a pupil made unduly easy by the citation of unusual reasons. 

The chief possibilities in the new requirements are: 

1. The new requirements specify only the minimum require- 
ments in each subject leaving to the teacher a free hand for 
developing power in the pupil as well as mastery of the subject. 
Teachers may extend the work beyond the minimum require- 
ments in algebra as they now do in geometry so that a pupil may 
be tested on any required topie in algebra as he has been by the 
‘‘original’’ in geometry. These questions may extend beyond 
the stated requirements but are, nevertheless, within the power 
of an average pupil properly trained to meet the requirements. 
This basis of minimum prescription ought to do much to improve 
the upward trend of initiative and originality in teaching. 

2. The new requirements have brought a new examination 
designed to approach a ‘‘ power test’’ in mathematics instead of 
a test of manipulative skill. This examination is made possible 
by the regulations or rather ideals which the examiners have 
before them when such examinations are composed. They are: 

(a) One-third of the questions to be based on the topies of 
fundamental importance that will have been thoroughly taught, 
carefully reviewed and deeply impressed by effective drill, and 
so selected that a pupil of average ability will answer satis- 
factorily. 
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(b) There will be both simple and difficult questions testing 
the pupil’s ability to apply the principles of the subject. All of 
these questions to have genuine scientific content. 

(ec) One substantial question, which will put the best candi- 
dates on their mettle, but which is not beyond the limits of a 
fair proportion of the good pupils. This question should test 
the pupil’s grasp and insight and should lie near the heart of 
the subject. 

(d) Each question will be a substantial test on the topie or 
topies it represents. 

(e) The length of the examination will allow about one-fourth 
of the pupil’s allotted time for check and reflection. 

3. If we have hopes for standardized tests they must follow 
and not precede a redefinition or standardization of the content 
of our mathematics. We have now defined our content, the doors 
are open to improved examinations. 

4. The new requirements will give us a renewed interest to 
develop an entirely new examination for a ‘‘ power test’’ if we 
do not now have such. I have in mind the so-called New Type 
Examination, 7. e., involving the true, false, the yes, no, the 
recognition and completion forms. A commission is now at 
work on such an examination and the Board has decided to 
include in the algebra examination in 1925 a question or more 
of the new type, in order to make a practical test of the value 
of such questions. 

5. New and improved textbooks will be a result of the new 
content. New books are the results of new thoughts and new 
thoughts the results of new books. 

6. The new content may do much to improve the teacher, his 
qualifications, his personality possibly, skill and enthusiasm. 
Failure to meet the aims of mathematics is mainly due to poor 
teaching. Good teachers have succeeded in the past and will 
continue to succeed no matter what the requirements are. Poor 
teachers will not find a panacea in the new and better mathe- 
matics. If the new program gives all of us, master and pupil, a 
stronger urge, a more zealous desire and a new inspiration to 
‘‘earry on,’’ then the aims and hopes of those who made the new 
program possible will not have been in vain. 
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A STUDY OF A PUPIL’S KNOWLEDGE OF ALGEBRA 
AT THE BEGINNING OF HIS JUNIOR YEAR 
IN HIGH SCHOOL 
By GORDON R. MIRICK and VERA SANFORD 
The Lincoln School 

The investigation here reported was undertaken to determine 
what things in algebra and arithmetie a pupil knows at the be- 
ginning of his junior vear in high school. The work began with 
this specific question: What does a student remember from his 
work in algebra in the ninth' grade if he has studied demon- 
strative geometry in the tenth? It turned into a study of this 
point: What does he remember regardless of what he studied in 
the tenth grade? 

From the point of view of one interested primarily in build- 
ing a course in algebra for the eleventh grade, the first question 
is important, but if one’s interest lies in the bigger question of 
the effectiveness of our teaching, the second is more vital. 

The investigation was made through the medium of two short 
tests on items of fundamental importance in algebra and arith- 
metic.* In compiling the tests, the first step was the making of a 
comprehensive list of the essential points in first year algebra. 
These points covered both topies taught for their value on the 
side of appreciation of the subject and those given for their 
practical and manipulative use. Problems illustrating these 
points were then formulated and from these, after conferences 
with a group of experienced teachers, tests were built that could 
be given in a single class period. It was realized that the brevity 
of the test reduced its reliability. On the other hand, a longer 
test would have offered serious admin+strative difficulties. 

Many of the teachers who gave the tests were students in the 
mathematies department at Teachers College in the summer of 
1924 and it is through their cooperation that this work was 


possible, 


‘In this discussion, the first year of the four year high school course 
is called the ninth grade; the second year, the tenth, ete. 

* Acknowledgment should be made of the helpful criticism given by Mr. 
Breckenridge, and Mr. Barcus of the Stuyvesant High School, Mr. Schlauch of 
the High School of Commerce, New York City, Professor Raleigh Schorling 
of the University of Michigan and especially by Mr. William E. Betz of the 
East High School, Rochester, N. Y., and Mr. John R. Clark of the Lincoln 
School. 
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It was recognized at the outset that one would under-estimate 
the carry-over from previous work were he to base his judgment 
entirely on the results of a test given at the very beginning of a 
school year. On the other hand, he would be likely to over-esti- 
mate it should he draw his conclusions from tests given after the 
work of the year has begun, for the first few weeks’ work in- 
evitably necessitates the review, or for many the re-learning, of 
parts of the material previously taught. 

Accordingly one test was given before the work of the school 
year actually began. The second test came at the end of five 
weeks’ study. The two tests were similar question for question 
except where the first test showed high mastery of a particular 
point. In such eases, new situations were introduced in the 
second test. For example, since the equation 22 == 14 was ap- 
parently well mastered, the second form of the test substituted 
a decimal fraction as the coefficient of 2. 

The pupils who took these tests were from sixteen different 
schools and their records were classified in five groups on the 
basis of their previous training in mathematics. It will be seen 
from the table that the inevitable shifting of pupils in the five 
weeks resulted in two groups that are not, strictly speaking, 
incidental. 


TABLE SHOWING THE DIVISION OF THE CLASSES INTO GROUPS 


Ninth Tenth Eleventh Number Number 

grade grade grade taking taking 
Group course course course Form A Form B 
A Algebra Geometry Algebra 340 382 
B Algebra Algebra Geometry 232 180 
. Correlated Mathematics 146 138 
D Algebra igure pane 119 129 

Geometry ] Geometry 

E Algebra 135 


This classification enables us to use Group B as a check on 
the others. As the students in this group are now studying 
geometry after twc years of algebra one would expect their 
initial mastery of the algebra to be higher than that of the rest 
and their improvement, if any, to be due merely to being back 
in school and at work. It is quite possible, however, that these 


ot 
4 








BL 
3 
4 
i 
: 





PERSISTENCE OF ALGEBRAIC SKILLS 173 


students considered that they had ‘‘finished’’ algebra and that 
this idea affected their attitude toward the test and tended to 
reduce their scores. 

To make the records of the various groups comparable, we 
have computed the per cent of correct responses to each question 
for each group on both forms of the test. It might at first ap- 
pear that the information from these two tests could be used 
to measure the effectiveness of the various arrangements of high 
school mathematics in the rapidity of recall that they show, but 
the numbers are too small and the tests have too few questions 
to make this possible. Furthermore, gains in per cent of cor- 
rect responses are not comparable throughout the seale. It is 
probably easier to raise a class from 50 to 75 per cent than from 
75 to 100. It is impossible therefore to state the quantitative 
improvement of one group over another. 

The work does, however, give some specific information as 
to what these particular pupils could or could not do and so it 
furnishes a working basis for the eleventh grade course and a 
commentary on the work of previous years. And it must be 
remembered that except for Group E, these pupils represent, 
not the mass of those who begin high school mathematies, but 
the elect who survive two vears of it. 

In reporting the work, the questions have been grouped in the 
twelve natural divisions of each test. Where the corresponding 
questions of the two tests differed materially, both are given. 
The per cent of correct responses for each group of students fol- 
lows each set of questions—the per cent for the second test being 


given in italies. 


PART I. LAWS OF EXPONENTS 


Underline the correct answer. 


1. s* +s x°, x°, 2%° 
ys ri? r* rs, 8, ié 
3. (4x3)2 = 8x5, 16x®, 8x6 
A B Cc D E Medians! 
] 70 95 75 72 82 go 7+ gl 88 74.5 90.5 
2 40 85 46 52 64 72 64 85 31 55 78.5 
3 52 97 84 92 82 87 92 98 87 8394.5 


1Group E is disregarded in finding these medians as the students of this 
group are tenth graders, not eleventh. The group is useful for purposes 
of comparison, particularly with A in showing the record of students after 
one year of algebra and one summer vacation. 
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PART II. FRACTIONS 
Underscore the correct answer. 
1 1 2 a+b 2 
4 —+—=-, j 
a b ab ab ath 
1 1 b 1 a 
ae Po 
a b a ab b 
1 1 a 1 b—a 
es ' 
a b a—hb a—hb ab 
A B D I Median 
4. a3 @7 44 5? 32 53 33 54 30 32.5 53 
$. 58 75 7 60 5 77 69 76 71 63 75.5 
6. 24 54 38 S¥ 32 590 25 62 32 28.5 56.5 
In the next examples, reduce your answers to the lowest terms. 
9; a4 _ 
7 %-% = 
g 4 —%% = 
8.+%4.= 
9. ao? 
&% x 2Y4,= 
10 x 2144 
11 54 + %—%= 
A B C D E Median 
= 86 80 83 90 79 90 80 O5 85 81.5 00 
8. 81 85 74 82 77 67 71 79 79 75.5 80.5 
9. 74 81 64.77 73 83 72 81 76 73.5 81 
10 66 8&8 72 87 69 86 74 80 85 70.5 85.5 
11. 68 7? 70 64% 73 64 73 78 72 71.5 68.5 
It is interesting that the division of fractions (No. 5) with 


its quirk of inverting the divisor, seems to be better known than 
the addition and subtraction of the same sort of fractions. 

The low reeord of 4, 5, 6 will be attributed by some to the 
The point will be made that the multiple 
choice question is a novelty to many of the students and that it 


form of the questions. 


is misleading because of the plausibility of its suggested an- 
The fact remains, however, that it is easier to select the 
the 
When we consider the algebraic fractions 


Swers. 


correct answer from a group of answers than to derive 
result for one’s self. 
of these questions and their low mastery even after a review of 
the principles of algebra, we wonder whether the teachers of 
these students were teaching algebraic fractions for mastery of 


fractions or merely to show that algebraic numbers like arith- 
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metic ones have their fractions and that these operate in the 
same way as do numerical ones. If we are teaching fractions in 
algebra only for this reason, we take too long about doing it. 
If we are trying to teach them for mastery we surely come far 
wide of the mark. 

With the arithmetic fractions, the case appears better but it 
really is worse. These pupils have been studying common frae- 
tions ever since they were in the fourth grade. If anything on 
this test ought to have been learned to high mastery it is this 
subject which they have studied at intervals for a minimum of 
six years. But even after that training only about three-quar- 
ters of them have the ability to do ordinary work with arith- 
metic fractions and the inerement of improvement is apparently 
small. 


PART III. DECIMALS 


12. Multiply 3.1416 
0.041 
13. Divide 0.006 ) 62.832 
A B c D E Median 
12. 74 87 60 sg 78 74 66 72 78 70 73 
13. 81 87 56 59 $1 72 55 Og 76 68.5 68 


The case of decimal fractions is as bad as that of common 
fractions—or worse. The children have studied them almost as 
long as they have studied common fractions and any contact 
which they have had with the metric system in their work in 
science has necessitated the constant use of decimals. It is a sad 
reflection on our work, if these pupils constitute a typical group, 
for less than three quarters of them ean perform these two 
operations successfully. 


PART IV. NEGATIVE NUMBERS 


14. What is the sum of 5 and —9? 


15. From —3 subtract — 4. 
16. What is the product of —7 and 2? 
17. Divide — 30 by — 12. 

A B & D E Median 
14. 85 97 88 g2 93 o¢ 84 gi 86 86.5 oP 
1% 48 Sy 49 4o 44 48 63 5? 60 48.5 57 
16. 69 ol 56 S2 71 87 70 87 70 69.5 87 
17. 76 85 78 67 78 78 76 8&@ 87 77 81.5 
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Work with negative numbers ranks high in comparison with 
the rest of the test. But the subtraction example is disgraceful, 
particularly if one teaches the solution of equations by using 
the specific axioms—adding equal magnitudes to equal magni- 
tudes, or subtracting equal magnitudes from equal magnitudes, 
instead of using the non-committal term ‘‘transpose.’’ Sub- 
traction seems quite as important as addition but the medians 
are 48.5 and 51 as contrasted with 86.5 and 93. <A possible ex- 
planation lies in this: addition receives great emphasis as it is 
the first operation with negative numbers that we teach; and 
the rules for signs in multiplication and division are identical 
so the new bond of each is strengthened when the other is taught. 


PART V. SUBSTITUTION 


i8. If ais 4 and b is 3, then 4ab = ? 
19. If x is 6 and y is 4, then 2x—y = ? 


A B c D E Median 
18. 84 gi 81 387 95 oO 87 Og 60 85.5 g2 
19. 88 or 84 73 95 92 88 75 71 88 36 8p 


The substitution of specific values for the letters of an ex- 
pression shows good mastery. 


PART VI. EQUATIONS 


20. 2x = 14, x = ? (First form) 
2x = 14, x = ? (Second form) 
21. 2x+3—=—x+7,x =? (First form) 
2x +0.3—x+7, x=? (Second form) 
22. 3x—4=-—0,x =? (First form) 
3x— 14 = 0, x = ? (Second form) 
23. 6/x=2, x=? 
24. «£/4+x/3=7 x=? 


A B Cc D E Median 
20. 98 66 97 30 99 62 98 32 100 98 47 
21. 85 78 81 60 96 78 88 56 96 86.5 69 
> & 77 92 68 76 89 95 67 92 82 72.5 Q2 
23. 82 87 75 76 88 gl 78 gl 82 80 89 
24. 50 68 51 60 57 66 46 77 68 50.5 67 


The highest initial mastery shown in any part of the test was 
in No. 20. Evidently the pupils do learn how to solve the sim- 
plest first degree equations in one unknown. Question 21, 
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slightly more involved, shows good response. According to the 
first test the order of difficulty of equations from easiest to hard- 
est of this group is: 


ax = b when a, b, c, d are integers 
ad b=cr+d 
a 
== 
r 
ar b=0O0 


x x 
— hp am ag 
a b 

But when decimals are introduced, even after a few weeks prac- 
tice in algebra, we have a different situation. Question 20 on the 
second form, is harder than question 21 on that form for in the 
first case we have to divide an integer by a decimal fraction and 
in the other case to divide a number containing a decimal frac- 
tion by an integer. As the only difference between 22 — 14 and 
().22 == 14 lies in the decimal coefficient, it is safe to say the drop 
in per cent of correct responses is due to just two things: failure 
to notice the decimal point, and inability to divide 14 by 0.2. 
Most of the difficulty can be laid to the latter. The equations 
with common fractions for coefficients are poorly done also. Is 
this another case where we intend merely to ‘‘expose’’ the chil- 
dren to the process, or do we delude ourselves into thinking we 
are teaching it? 


PART VII. SPECIAL PRODUCTS 


25 (1 + x)(x—1) = 
26. (x—1)? 
ar 6 ,)2 

A B C D E Median 
25. 66 86 60 66 67 77 65 &y 68 66.5 80.5 
26. 58 88 71 73 74 8&5 66 76 89 68.5 80.5 
27. 58 78 53 56 62 65 68 70 70 60 67.5 


The fraction difficulty appears again in question 27, yet the 
form of the square of a binomial is better known (see question 
27) than the response on (t+ 14)* indicates. 
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PART VIII. FACTORING 
28. ai —3a? = 
29. 146 —9}2 = 
30. Sx? + 1l6x +3 = 


A B Cc D E Median 
28. 46 88 68 76 76 86 68 82 83 68 & 
29. 53 88 64 78 81 & 73 79 87 68.5 87.5 
30. 39 76 55 68 68 78 80 88 92 61.5 79 


It is interesting that there is such close similarity between re- 
results on question 25 and 29. But compare the showing of 
these factoring examples with that of decimal fractions! On the 
seore of sheer usefulness the decimals should have higher mas- 
tery—instead the factoring problems have it! 


PART IX. CHANGING THK SUBJECT OF A FORMULA 


31. Solve c = 2a—4 for w. 
32. What is the value of ¢ in the formula i = prt, if p 200, r 0.04, 
and i = 12. 


A B e D E Median 
31, 31 59 41 50 55 56 37 55 24 39 55.5 
32. 47 69 41 gl 58 59 55 60 30 51 50.5 


The formula of question 32 is perhaps the most intrinsically 
useful item on the whole paper. It is emphasized explicitly in 
all our work with formulas in algebra and implicitly in our work 
with simple interest in arithmetic. The record of question 31 
might be met by a plea that the pupils failed to understand 
the meaning of ‘‘solving a formula’’ for a particular variable. 
Question 32, however, does not contain this complication. Fur- 
thermore, in question 18 the pupils have shown that they can 
substitute specific values for the literal factors of a product, and 
in question 20 they show they ean, if necessary, solve the equa- 
tion ax = b for x. And if they have not learned to deal with this 
problem by the end of the first month of their third term in 
algebra, when will they have another chance to learn it? 


PART X. VARIATION 


33. In the equation xy = 1, if the value of x increases, then the value of y 


A B C D E Median 
33. 46 8% 36 50 47 60 50 67 33 47.5 63.5 
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There is more excuse for the low record in problem 33. Varia- 
tion is a subject many of the children have never heard men- 
tioned and worse than that, algebra courses as a rule, do not 
afford opportunity for the critical study of the interdependence 
of the variables in an equation. You wonder if the teachers of 
the classes in Group A have emphasized the topic particularly, 
and you wonder also how much a little suggestion along this 
line can accomplish. 


PART XI. VERBAL PROBLEM 


34. A storekeeper buys thermos bottles for $2.80 apiece. If his overhead 
is 10 per cent of the selling price and if his profit is to be 20 per cent 
of the selling price, at what price should he sell them? 


A B Cc D E Median 
34. 27 29 17 22 aa «(6 28 go 14+ 25 25.5 


The record on the verbal problem was wretched: that is, these 
students are low on applied algebra. The difficulty may be in 
calculating the selling price from the cost price so that the profit 
will be a certain per cent of the selling price. Perhaps if A and 
B had exchanged marbles, the result would have been better. 
But isn’t the point of problem solving .o apply a well-known 
principle to a new situation ? 


PART XII. GRAPH 


35. Draw a graph from which you can read the interest on any principal 
(up to $500) for one year at 4 per cent. 


A B c D E Median 
35. Ss 9 09 22 23 22 08 27 04 12 22 


The record for the graph was a seandal, yet the problem has 
intrinsic interest and a reasonably ingenious individual could 
have seen that the formula needed was already given in question 
32. Of all subjects in algebra whose practical application is 
within the grasp of a high school pupil, the graph is the one 
whose appeal is greatest for he is literally surrounded by them. 

The whole thing shows that, if these results are trustworthy, 
we teach the solution of the equation az = b (a and b integers) 
and the addition of negative numbers so that they maintain a 
high efficiency even after an interval of disuse. A few weeks’ 
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work raises the multiplication of negative numbers, the addition 
and division of common fractions, the exponent law for multi- 
plieation, substitution and the solution of equations in the form 
a 
ax — b = 0 and — = SJ to a satisfactory level. But graphs are 
I 
at the bottom of the list—mastered by only about 20 per cent. 
The application of algebra to problems is working order for 
about a quarter of the students, shifting a formula and variation 
have been really taught to about 60 per cent of the pupils, faetor- 
ing in simple eases and special products to about 80 per cent, 
decimals to 70 per cent, common fractions to about 80 per cent 
and literal fractions to about 60 per cent. And remember these 
pupils have survived two years of high school mathematies 
what wouldn't the seores be if the others who began algebra 
with this group were to attempt this test! 

If this is a true picture, have we reached these results inten- 
tionally or inadvertantly? To take an illustration from the field 
of geometry, we might willingly expose a survey of commensur- 
able cases to our students without the slightest notion that the 
exposure would register. The mere idea that ‘‘it can be done”’ 
is enough. In such a ease, very few would be able to answer 
questions about it intelligently and yet many would have had 
the experience of seeing it gone through with. Now in some of 
these cases, as with the fractions—exposure may be all we want, 
only if this be the case it would be honest to say so and to frame 
our teaching accordingly. But we greatly doubt whether this 
is the intention in the subjects of graphs, variation and changing 
the subject of a formula. Do we want our pupils to have better 
mastery of factoring examples than of decimals? If we admit 
that the topics of first year algebra are not of equal worth and 
so should not be taught to the same degree of mastery, which 
topics are which? These results indicate a wide range from 
sheer incompetence to almost perfect attainment. Do they indi- 
cate the emphasis we believe these topics should have? 

But if our results belie our intentions, what is the remedy? 
Changed emphasis so we won’t hoodwink ourselves into thinking 
we are training students to high mastery when we mean to only 
give them a survey of the subject: better methods so we ean do 
our work more efficiently in the allotted time; deliberate con- 
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centration on a few topies of recognized value, deliberate slight- 
ing of others whose value is not established. Above all things 
we need the courage to work on what is admittedly valuable, 
and to pay less attention to the rest. This investigation indi- 
cates that the purely manipulative topics such as factoring are 
more stressed than the thought-provoking ones of variation and 
the study of formulae. So much for first year algebra. 

Then for the topic of the eleventh grade—the recall of Group 
A under a five weeks’ review makes one anxious to try this 
experiment: to take two groups paired according to their previ- 
ous work in algebra and according to such ability as they show 
on an initial test, then to give one group straight review work 
for five weeks while the other attacks the subject from a different 
standpoint, say the function idea, with review work only when 
the elass work shows an imperative need for drill; then to 
measure the progress of the two. 











NEWS NOTES 


Tue following programs have been scheduled by the Detroit 
Mathematics Club: 


January 8, ‘‘Graphical Work Applied to Algebra,’’ by Prof. 
Theodore R. Running of the University of Michigan February 5, 
‘“‘The Theory of Relativity,’’ by Prof. R. D. Carmichael of the 
University of Illinois; March 12, ‘‘ Mathematical Recreations,’’ 
by Prof. W. W. Cairns of the Oberlin College; April 30, ‘‘The 
Need of Differentiated Courses in High School Mathematies,’’ 
by Mr. D. W. Werremeyer, the head of Mathematies Depart- 
ment, West Technical High School, Cleveland, Ohio. 
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THE CARUS MATHEMATICAL MONOGRAPHS 


A book is just off the press which promises to be the begin- 
ning of a far-reaching epoch in American mathematical litera- 
ture and to have a vital interest for teachers of mathematics in 
the secondary schools and in the junior colleges. It has long 
been felt that if the various mathematical subjects could be set 
forth in a somewhat expository form in a manner comprehensible 
to those who have only a moderate acquaintance with elementary 
mathematics, say through a year’s introductory course in the 
ealeulus, and if such expositions could be made attractive and 
accessible at moderate cost, then many more would be glad to ex- 
tend their mathematical knowledge and to keep in touch with the 
developments in these fields. 


Acting in this belief, Mrs. Mary Hegeler Carus and her son, 
Dr. Edward H. Carus, conceived the plan of making a series of 
such mathematical expositions available and to this end Mrs. 
Carus made a notable gift to the Mathematical Association of 
America under whose auspices she wished to have these prepared 
and published. 


During the past three years arrangements have been quietly 
going forward for carrying out this plan and now (February, 
1925) the first of the Carus Mathematical Monographs is ready 
for distribution. It is entitled Calculus of Variations and was 
prepared by Professor G. A. Bliss of the University of Chicago. 
It is a book of 183 pages (314x6) on a subject of historical and 
practical interest, written in attractive style, with a minimum 
of technical detail, and with careful expositions of all the mathe- 
matical methods used. The author presupposes on the part of 
the reader only a working knowledge of the differential and in- 
tegral calculus throughout the first four of the five chapters 
where the expositions are gathered about certain historical prob- 
lems. In the fifth chapter, where the more general theory is 
discussed, certain elementary properties of differential equations 
are needed but these have already been clearly illustrated in the 
preceding chapters and their applications are described in detail 
in the text. 
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It is hoped that this monograph may stimulate many second- 
ary teachers to renew their calculus acquaintance and to gain 
real pleasure in the reading of this interesting and luminous 
exposition of a subject which has attracted the profound con- 
sideration of leading mathematicians since the time of Newton. 


These monographs are distributed at cost to members of the 
Mathematical Association of America whose applications should 
be sent directly to the Seeretary, Professor W. D. Cairns, Ober- 
lin, Ohio. They will be distributed to the public at large by the 
Open Court Publishing Company, 122 South Michigan Avenue, 
Chicago, Illinois, at two dollars per copy. 

H. E. Suaveur. 
Chicago, Lllinois, February, 1925. 








NEW BOOKS 


Solid Geometry. By JoHn W. Youne and Apert J. ScHwartz. 
Henry Holt and Company, New York and Chieago, 1925; pp. 


275-399. 


Modern Junior Mathematics. Books One, Two and Three. By 
MarigE Guate. The Gregg Publishing Company, New York 
and Chicago, 1924. A revision. ) 


An Introduction to Mathematical Probability. By Junian Lowe. 
CooutipGe. Oxford University Press, American Branch, New 
York, 1925; pp. 216. 


Boys’ Own Arithmetic. By Raymonp Weeks. E. P. Dutton and 
Company, New York, 1925. 


Elementary Algebra. First Course. By Eu_mMrr A. LyMAN and 
ALBERTUS DARNELL. American Book Company, New York 
and Chicago, 1924; pp. 336. 

Standard Algebra. By Winuiam J. Minne and Watrer F. 
Downey. American Book Company, 1924; pp. 496. 

Second Course in Algebra. By Wicuiam J. Minne and WALTER 
F. Downey. American Book Company. 

New Essentials of Business Arithmetic. By Grorce H. Van Tuy. 
American Book Company, 1924; pp. 302. 

New Complete Business Arithmetic. By Grorce H. Van Tuy. 
American Book Company, 1924; pp. 440. 


Exercises in Bookkeeping and Business Problems. Part I. By 
Harotp E. Cowan and Harotp W. Loker. Ginn and Com- 
pany. 


Essentials of Algebra (Complete). By Davin EvuGeNne Situ and 
Wiuuiam Davin Reeve. Ginn and Company, 1924; pp. 558. 











MEMBERS OF THE NATIONAL COUNCIL OF TEACHERS 
OF MATHEMATICS 


ALABAMA 


Mrs. May S. Strickland, 1824 Christine, Anniston 

B. H. Crenshaw, Auburn 

Bessemer High School, care R. F. Wood, Bessemer 
Jennie Mae Cross, Phillips High School, Birmingham 
Miss Mixon, Woodlawn High School, Birmingham 
Frank Ordway, Phillips High School, Birmingham 
Anna Boden, Phillips High School, Birmingham 
Annie W. Waters, Phillips High School, Birmingham 
Ida May Chase, Phillips High School, Birmingham 

L. J. Stilwell, Phillips High School, Birmingham 

Edna H. Pickett, Phillips High School, Birmingham 
Mable Benson, 1030 Sycamore Street, Birmingham 
Alma Thorpe, 1105 Tuscoloosa Avenue, Birmingham 
T. R. Eagles, Howard College, Birmingham 

Mary S. Gilliland, Loulie Compton Seminary, Birmingham 
Lillian Lotspeich, 1603 Phelan Street, Birmingham 
Eli Allen, Phillips High School, Birmingham 

Amelia Walston, Jefferson County High School, Boyles 
Maud Fuqua, R 5, Clayton 

Miss Ruth Self, Fairfax 

L. W. Cofield, Henagar School, Henagar 

Annie C. Merts, 309 Randolph Street, Huntsville 
Elisha Handy, Institute 

Ellis Reading Room, Carnegie Library, Judson College, Marion 
Library, Mobile High School, Barton Academy, Mobile 
Library, Alabama College, Montevallo 

Mr. M. H. Pearson, Lanier High School, Montgomery 
Adeline M. Kirk, 526 Lawrence Street, Montgomery 
Mary King McCraig, 11 Cloverdale Road, Montgomery 
Addie E. Clifton, Pike Road 

Nell Marshall, Pine Apple 

Miss Katherine Mickle, Roanoke 

Milton Carothers, Selma 

Virginia Lusk, 1301 Columbia Avenue, Sheffield 
Virginia R. Beaugh, 902 Raleigh Avenue, Sheffield 
Myra Segars, 160 Montgomery Street, Troy 

Miriam Jones, 407 Elm Street, Troy 

W. P. Ott, University of Alabama, Tuscaloosa 
Library, University of Alabama, University 


ARIZONA 


Clifton Public Schools, care W. D. Baker, Clifton 

Elinore Campbell, 1249 Tenth Street, Douglas 

Mesa Public Schools, Mesa 

Phoenix Union High School, Phoenix 

Julia F. Atkinson, University of Arizona, Box 46 Univ Station, Tucson 
Tucson Public Schools, care C. E. Rose, Supt., Tucson 

Library, University of Arizona, Tucson 

Lillian Smercheck, Yuma Union High School, Yuma 














NATIONAL COUNCIL MEMBERS 187 


ARKANSAS 
Chester Hillard, The College of the Ozarks, Clarksville 
E. E. Walden, Conway 
Ben High, England 
George W. Droke, 103 Hill Street, Fayetteville 
University of Arkansas, Fayetteville 
Training School, University of Arkansas, Fayetteville 
Fort Smith Public Schools, P. N. Bragg, Principal, Fort Smith 
Miss Ann Morris, 402 Reserve Avenue, Hot Springs 
J. A. Bighbee, Senior High School, 14th and Scott Streets, Little Rock 
Nellie Sides, East Side Junior High Schl, 14th & Scott Sts., Little Rock 
Estelle Calloway, 1900 Louisiana Street, Little Rock 
West Junior High, 14th and Marshall Streets, Little Rock 
Andrew L. Burns, 706 Ash Street, Pine Bluff 
Sallie Gray, 307 West 6th Avenue, Pine Bluff 
Mrs. G. B. Philbeck, 1409 Cherry Street, Pine Bluff 
Anne Medlock, 811 Pine Street, Pine Bluff 
Martha Hill, Prairie Grove 
General Library, University of Arkansas, Fayetteville 


CALIFORNIA 


Blanche Dubois, 1907 Santa Clara Avenue, Alameda 

Amy 8. Perkins, 112 North Curtis Avenue, Alhambra 
Florence S. Bundy, P. O. Box 844, Antioch 

Annetta B. Wansch, Freeman Hotel, Auburn 

Kern Co. Union High School. Bakersfield 

Prof. Florian Cajori, 2844 Webster Street, Berkeley 
Ethel H. Durst, 2420 Channing Way, Berkeley 

Library, University of California, Berkeley 

Charles A. Noble, 456 Wheeler Hall, University of California, Berkeley 
Bishop Union High School, Inyo County, Bishop 

Hazel V. Jones, Box 545, Blythe 

W. W. Hartshorn, Brawley 

Stella B. Leviston, R 1, Box 157, Campbell 

Maud Merrihew, Carpinteria 

W. P. Russell, 506 East 6th Street, Claremont 

Pomona College Library, Claremont 

Ernest P. Herner, 351 East 8th Street, Claremont 
Milton E. Gardner, 1207 Harvard Avenue, Claremont 
Elizabeth Force, 917 Harvard Avenue, Claremont 
Dorothy R. Crever, College City, Colusa County 

Mrs. Dorothy B. Longstreth, Box 155, Corning 

Edith I. Brown, 806 Jay Street, Corona 

Covina Union High School, Covina 

San Ramon Valley Union High School, Danville 

Ruth N. Pearson, 603 Commercial Street, El Centro 
Midway Public School, Fellows 

Fillmore Union High School, care Principal J. B. Ely, Fillmore 
Verna Jeffery, Fort Bragg 

Dr. Frank R. Morris, State College, Fresno 

Fresno State Teachers College, Fresno 

Hazel Harrod, Fullerton Union High School, Fullerton 
Union High School and Junior College Library, Fullerton 
Glendale Union High School, Glendale 

Evelyn Williams, Glendora 

Union High School District, Holtville 

Huntington Beach Union High School, Huntington Beach 
Kathleen Stafford, Lodi Hotel, Lodi 
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Long Beach Polytechnic High School Library, Long Beach 

Robert G. Estep, 5114 Hillcrest Drive, Los Angeles 

Roxie Jane Welbourn, 237 S Rampart Boulevard, Los Angeles 

Los Angeles Public Library, Metropolitan Building, 5th and Broadway, 
Los Angeles 

Maude H. Marks, 1644 West 29th Street, Los Angeles 

Psychology Dept., City School Library, 1240 S. Mail St., Los Angeles 

Hugh C. Willett, Uniersity of Southern California, Los Angeles 

Louise F. Parizek, 1231 West 47th Street, Los Angeles 

Irma A. Craig, 1417 Sherman Drive, Los Angeles 

Constance Kendall, 1206 West 96th Street, Los Angeles 

Bertha Sanborn, Polytechnic High School, Los Angeles 

University of Southern California, care Charlotte M. Brown, Librarian, 
Los Angeles 

Library, Southern Branch University of California, 895 North Vermont 
Avenue, Los Angeles 

Alhambra High School, Martinez 

Miss Esther Lee, Brown Hotel, Napa 

Harry G. Adams, National City 

Ruth I. Hays, Oakdale 

Gertrude E. Allen, The University High School, 48th and Webster 
Streets, Oakland 

Fremont High School, 47th Avenue and Foothill Boulevard, Oakland 

Anna L. Grafelman, 5110 Grove Street, Oakland 

Librarian, Oakland High School, 12th and Jefferson Streets, Oakland 

Mary W. Tyrrell, Technical High School, Oakland 

Teachers’ Professional Library, Board of Education, Room 1113, City 
Hall, Oakland 

Myrtle Lacy, 586-24th Street, Oakland 

Orange Union High School, Orange 

Orosi Union High School, Tulare County, Orosi 

W. A. Newlin, 1679 Rose Villa Street, Pasadena 

Edna Plummer, 615 Herkimer Street, Pasadena 

Nellie Needham, No. 3 Adams Court, Pasadena 

Library, John Muir Junior High School, cor. Los Robles and Walnut, 
Pasadena 

Laura Niles, 1804 Spring Street, Pasa Robles 

M. Ruth Sableman, Proberta 

Ruth B. Walton, Puente 

Rutha D. Williams, 320 North Francisco Avenue, Redondo Beach 

Altha B. Crowley, 1328 O Street, Sacramento 

Mrs. Louis Freeman Best, 3117 V Street, Sacramento 

Bernet S. Hale, Senior High School, San Diego 

Theodore Roosevelt Junior High School, San Diego 

State Teachers’ College, San Diego 

Frances W. Parker School, 4201 Randolph Street, San Diego 

George R. Livingston, State Teachers’ College, San Diego 

High School Librarian, High School Building, San Jose 

S. A. Francis, 464 Midway, San Mateo 

Tamalpais High School, R D 1, Sausalito 

Mildred Mansur, 120 East Washington Avenue, Santa Ana 

Mildred Frazier, 527 South Birch Street, Santa Ana 

Edith J. Bailey, 1016 De la Vina Street, Santa Barbara 

Jessie L. Churchill, No. 4 Victoria Court, Santa Barbara 

Mr. W. W. Peters, State Teachers’ College, Santa Barbara 

Polytechnic High School, 18th and E Streets, care I. W. Kelly, San 
Bernardino 

High School Library, Walnut Avenue, Santa Cruz 

J. Calvin Funk, 910 South McClelland Street, Santa Maria 
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Laura Liddle, Box 101, Santa Monica 

Library, Santa Monica High School, Santa Monica 
High School Library, cor. 4th and E Streets, Santa Rosa 
Mary L. Clark, 1130 Mount Avenue, South Pasadena 
Library, College of Pacific, Stockton 

Ina V. Smith, 101 Church Street, Turlock 

Watsonvitie High School, East 3rd Street, Watsonville 
Mrs. Margaret Frodsham, P. O. Box 444, Westwood 
Ida W. Heise, 126 N Friends, Whittier 

Clara Coller, Whittier Union High School, Whittier 
Whittier College Library, Whittier 

C. G. Bradford, 445 B, Yuba City 


COLORADO 


Library, University of Colorado, Boulder 

Margaret McGowan, 1719 North 9th, Canon City 

Miss Mabel 8S. Bateman, Colorado Springs High School, Colorado 
Springs 

Coburn Library, Colorado College, Colorado Springs 

Della Campbell, West Junior High School, Colorado Springs 

Bertha Houston, Delta High School, Delta 

Grace E. Shoe Smith, 1130 York Street, Denver 

Library Administrative Department, School District No. 1, Room 322 
414 19th Street, Denver 

Grace C. Stueland, 246 8 Sherman Avenue, Denver 

E. I. Brown, 414 14th Street, Denver 

Morey Junior High School, School District No. 1, 14th Avenue and 
Clarkson Street, Denver 

Mrs. Marie M. Craver, 337 Sherman Street, Denver 

Miss Letitia R. Odell, North High School, Denver 

W. Parker, 1121 Downing Street, Denver 

Spinner Junior High School, W 40th Avenue and King Street, Denver 

Mary S. Sabin, East Side High School, Denver 

Nellie Sparlin, Plymouth Hotel, Denver 

Helen L. Atkins, Manual Training High School, Denver 

Violet Hopper, 1443 Fairfax Avenue, Denver 

Mary Miller, 1153 So Gaylord Street, Denver 

Julia H. Gardiner, 1540 E Colfax, Apt. 6, Denver 

Vera M. Hickman, 223 W Mulberry Street, Fort Collins 

Adalyn L. Seevers, 319 Prospect Street, Fort Morgan 

Clarence W. Shull, 720 Bennett Avenue, Glenwood Springs 

Library, Colorado State Teachers’ College, Greeley 

Western State College of Colorado, Gunnison 

Leadville Public School, Box 965, Leadville 

Kent L. Sanborn, 350 Lincoln Street, Longmont 

Mabel B. Stroh, Milliken 


DELAWARE 


Mr. Ira S. Brinser, Board of Education, Lewes 

Ida V. Howell, Middletown High School, Middletown 

Anna Hall, 128 W Front Street, Milford 

Miss Mary M. Holland, Smyrna 

M. E. Burris, 919 W 8th Street, Wilmington 

Florence Ramo, 905 Delaware Avenue, Wilmington 

T. E. Tuthill, Tower Hill School, Wilmington 

Robert Schultz, 1315 W 8th Street, Wilmington 

Nellie B. Nicholson, 206 N Scott Street, Wilmington 

Mrs. M. Riss, Wilmington High School Library, Wilmington 





